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Special Functions in Feynman Integrals

<latexit sha1_base64="isFzFdhqYzYaLUxbx2uQu3EQkqY="></latexit>



Feynman Integrals
GravityQCD

Theory independent building blocks capturing most loop-level information

<latexit sha1_base64="isFzFdhqYzYaLUxbx2uQu3EQkqY="></latexit>

<latexit sha1_base64="pFeFfnXgisV9sl1fvpbUks1I1pE="></latexit>

gg ! tt post-Minkowskian  
potential corrections

<latexit sha1_base64="QjrDF50TW42n54jbtrfWvHSES44="></latexit>
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Using IBPs and 
 symmetry Basis of Master Integrals⟶

Disclaimer:
All examples given are 


in even dimensions

Complexity driven by 
#scales and #loops



<latexit sha1_base64="/nnZoh+D3iGl9hTNNCluapaX5LQ="></latexit>

dJ = "Ã(x)J
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Differential Equations
“Main” tool to evaluate Feynman Integrals

<latexit sha1_base64="76BEUDqLwHZo4CXAQfi0IdiX+4E="></latexit>

I = {I1, . . . , In}Basis of Master Integrals depending on kinematic variables
<latexit sha1_base64="woEAbwuNJ7CHD1Cpk5qyTkEHPtM="></latexit>x in dimension 

<latexit sha1_base64="awNM5hRkFAVIMGypkdzamCu6t2U="></latexit>

d = d0 � 2"

Matrix of differential 1-forms

Find “good” basis 
<latexit sha1_base64="kx2lAkI1txuWlpDhBcKzoHO83HU="></latexit>

J such that  factorizes <latexit sha1_base64="BjpFzR/4XVbVTdTjIg5+iht5suo="></latexit>"

Solution given by   
path-ordered exponential

<latexit sha1_base64="V6zzfVoQ297hO8990/01J4m7krQ="></latexit>

J = "0J0 + "1
Z 1

0
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<latexit sha1_base64="3VR7mMasyt2D3B+m/bvDZD8QrlQ="></latexit>

dI = A(x, ")I

<latexit sha1_base64="Q98wyWp5fFmrHKlFZ1BLuJ+mFLQ="></latexit>

J = P exp

✓
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<latexit sha1_base64="33DX6QlvD7lfg4fktabh4F8ir74=">AAACAHicbVC7TgJBFJ3FF+ILtbSZSEywIbvGoCUJDSUm8kgAyd3hghNmH5m5a0I2NH6FrVZ2xtY/sfBf3F0pFDzVyTn35p573FBJQ7b9aeXW1jc2t/LbhZ3dvf2D4uFR2wSRFtgSgQp01wWDSvrYIkkKu6FG8FyFHXdaT/3OA2ojA/+WZiEOPJj4ciwFUCLd9T2gewEqrs/LdD4sluyKnYGvEmdBSmyB5rD41R8FIvLQJ6HAmJ5jhzSIQZMUCueFfmQwBDGFCfYS6oOHZhBnqef8LDJAAQ9Rc6l4JuLvjRg8Y2aem0ymKc2yl4r/eb2IxteDWPphROiL9BBJhdkhI7RM6kA+khqJIE2OXPpcgAYi1JKDEIkYJf0Ukj6c5e9XSfui4lQr1ZvLUq2xaCbPTtgpKzOHXbEaa7AmazHBNHtiz+zFerRerTfr/Wc0Zy12jtkfWB/f9WmW0g==</latexit>

C(t)Let be an integration contour 
<latexit sha1_base64="AUszgsnhbRaR7HshVV0b5KAXINA=">AAAB/HicbVC7TsNAEDyHVwivACXNiQiJAkU2QoEyEk3KIJGHcKzofNmEU85n626NFFnhK2ihokO0/AsF/4JtXEDCVKOZXe3s+JEUBm370yqtrK6tb5Q3K1vbO7t71f2DrgljzaHDQxnqvs8MSKGggwIl9CMNLPAl9Pzpdeb3HkAbEapbnEXgBWyixFhwhql0hwOhqGufOd6wWrPrdg66TJyC1EiB9rD6NRiFPA5AIZfMGNexI/QSplFwCfPKIDYQMT5lE3BTqlgAxkvyxHN6EhuGIY1AUyFpLsLvjYQFxswCP50MGN6bRS8T//PcGMdXXiJUFCMonh1CISE/ZLgWaRVAR0IDIsuSA03/50wzRNCCMs5TMU67qaR9OIvfL5Pued1p1Bs3F7Vmq2imTI7IMTklDrkkTdIibdIhnCjyRJ7Ji/VovVpv1vvPaMkqdg7JH1gf3+0blIA=</latexit>

t 2 [0, 1]
<latexit sha1_base64="/doih2pNtJ8j2BQHmcWXHKMKGXs=">AAACFHicbVC7TsNAEDyHd3gFKGlOREihiWyEAg1SEA0lSAQixVa0vmzgxPmhuzVSZLnlE/gKWqjoEC09Bf+CHVxAwlSjmV3tzvixkoZs+9OqzMzOzS8sLlWXV1bX1msbm1cmSrTAjohUpLs+GFQyxA5JUtiNNULgK7z2704L//oetZFReEmjGL0AbkI5lAIol/o17pJUA0zdAOhWgEpPsuy41E6yBu31a3W7aY/Bp4lTkjorcd6vfbmDSCQBhiQUGNNz7Ji8FDRJoTCruonBGMQd3GAvpyEEaLx0nCTju4kBiniMmkvFxyL+3kghMGYU+Plk8bCZ9ArxP6+X0PDIS2UYJ4ShKA7lGXF8yAgt84qQD6RGIig+Ry5DLkADEWrJQYhcTPLOqnkfzmT6aXK133RazdbFQb19VjazyLbZDmswhx2yNjtj56zDBHtgT+yZvViP1qv1Zr3/jFascmeL/YH18Q0LO57/</latexit>

Ã = Ã(t)
<latexit sha1_base64="Vs8g/79OaPz8IRrHpSfNBPPlbSE=">AAACBnicbVC7TgJBFJ31ifhCLG0mEhNsyK4xaGNCQkOJiTwSIOTucMEJs4/M3DWQDb1fYauVnbH1Nyz8F3eRQsFTnZxzb+65xw2VNGTbn9ba+sbm1nZmJ7u7t39wmDvKN00QaYENEahAt10wqKSPDZKksB1qBM9V2HLH1dRvPaA2MvDvaBpiz4ORL4dSACVSP5fvekD3AlRcnRXt85tJ3+7nCnbJnoOvEmdBCmyBej/31R0EIvLQJ6HAmI5jh9SLQZMUCmfZbmQwBDGGEXYS6oOHphfPs8/4WWSAAh6i5lLxuYi/N2LwjJl6bjKZJjXLXir+53UiGl73YumHEaEv0kMkFc4PGaFlUgrygdRIBGly5NLnAjQQoZYchEjEKGkpm/ThLH+/SpoXJadcKt9eFiq1RTMZdsJOWZE57IpVWI3VWYMJNmFP7Jm9WI/Wq/Vmvf+MrlmLnWP2B9bHN6e3mCs=</latexit>

C(0) = x0
<latexit sha1_base64="EVFArRPaCOFsBvm0gzEMQvlPpK8=">AAACBHicbVC7SgNREJ31bXytWtpcDII2YVck2giCjaWCMYEkhNnrJF68++De2WBY0voVtlrZia3/YeG/uBtTaOKpDufMMGdOkGhl2fM+nZnZufmFxaXl0srq2vqGu7l1Y+PUSKrJWMemEaAlrSKqsWJNjcQQhoGmenB/Xvj1Phmr4uiaBwm1Q+xFqqskci51XLcVIt9J1Nn5cN8/OH3ouGWv4o0gpok/JmUY47LjfrVuY5mGFLHUaG3T9xJuZ2hYSU3DUiu1lKC8xx41cxphSLadjZIPxV5qkWORkBFKi5FIvzcyDK0dhEE+WeS0k14h/uc1U+6etDMVJSlTJItDrDSNDllpVF4JiVtliBmL5CRUJCQaZCajBEqZi2neUSnvw5/8fprcHFb8aqV6dVQ+uxg3swQ7sAv74MMxnMEFXEINJPThCZ7hxXl0Xp035/1ndMYZ72zDHzgf33RSl4k=</latexit>

C(1) = xwith and 
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Geometries of Feynman Integrals
Determines suitable function spaceIntegrals associated to geometries ⟶

Complicated geometry  complicated functions=̂

Riemann Sphere 

Polylogarithms

↓
Elliptic Integrals,  
modular forms,  

Elliptic Polylogarithms

Elliptic curve 

↓

Calabi—Yau manifolds

↓
?? 

Series expansions 

Higher-genus curves

↓
??? 

Higher genus polylogarithms 
in active research  

Feasible, 
but technically 

challenging 

<latexit sha1_base64="BFdjBef649k27W9FDmnVx0uthWY=">AAAB9HicdVDLSsNAFJ34rPVVdelmsAiuQlJq2mXBTZdV7APaUCbT2zp08mDmplBC/8CtrtyJW//Hhf9iEiOo6FkdzrmXe+7xIik0Wtabsba+sbm1Xdop7+7tHxxWjo57OowVhy4PZagGHtMgRQBdFChhEClgvieh782vMr+/AKVFGNziMgLXZ7NATAVnmEo3o2RcqVqm03Tqlxa1TCtHSuya5TRsahdKlRTojCvvo0nIYx8C5JJpPbStCN2EKRRcwqo8ijVEjM/ZDIYpDZgP2k3ypCt6HmuGIY1AUSFpLsL3jYT5Wi99L530Gd7p314m/uUNY5w23UQEUYwQ8OwQCgn5Ic2VSCsAOhEKEFmWHKgIKGeKIYISlHGeinHaSTnt4+tp+j/p1UzbMZ3rerXVLpopkVNyRi6ITRqkRdqkQ7qEkym5Jw/k0VgYT8az8fI5umYUOyfkB4zXD4pXkik=</latexit> {

<latexit sha1_base64="BFdjBef649k27W9FDmnVx0uthWY=">AAAB9HicdVDLSsNAFJ34rPVVdelmsAiuQlJq2mXBTZdV7APaUCbT2zp08mDmplBC/8CtrtyJW//Hhf9iEiOo6FkdzrmXe+7xIik0Wtabsba+sbm1Xdop7+7tHxxWjo57OowVhy4PZagGHtMgRQBdFChhEClgvieh782vMr+/AKVFGNziMgLXZ7NATAVnmEo3o2RcqVqm03Tqlxa1TCtHSuya5TRsahdKlRTojCvvo0nIYx8C5JJpPbStCN2EKRRcwqo8ijVEjM/ZDIYpDZgP2k3ypCt6HmuGIY1AUSFpLsL3jYT5Wi99L530Gd7p314m/uUNY5w23UQEUYwQ8OwQCgn5Ic2VSCsAOhEKEFmWHKgIKGeKIYISlHGeinHaSTnt4+tp+j/p1UzbMZ3rerXVLpopkVNyRi6ITRqkRdqkQ7qEkym5Jw/k0VgYT8az8fI5umYUOyfkB4zXD4pXkik=</latexit> {
“Well understood” Only simplest cases  

feasible

<latexit sha1_base64="BFdjBef649k27W9FDmnVx0uthWY=">AAAB9HicdVDLSsNAFJ34rPVVdelmsAiuQlJq2mXBTZdV7APaUCbT2zp08mDmplBC/8CtrtyJW//Hhf9iEiOo6FkdzrmXe+7xIik0Wtabsba+sbm1Xdop7+7tHxxWjo57OowVhy4PZagGHtMgRQBdFChhEClgvieh782vMr+/AKVFGNziMgLXZ7NATAVnmEo3o2RcqVqm03Tqlxa1TCtHSuya5TRsahdKlRTojCvvo0nIYx8C5JJpPbStCN2EKRRcwqo8ijVEjM/ZDIYpDZgP2k3ypCt6HmuGIY1AUSFpLsL3jYT5Wi99L530Gd7p314m/uUNY5w23UQEUYwQ8OwQCgn5Ic2VSCsAOhEKEFmWHKgIKGeKIYISlHGeinHaSTnt4+tp+j/p1UzbMZ3rerXVLpopkVNyRi6ITRqkRdqkQ7qEkym5Jw/k0VgYT8az8fI5umYUOyfkB4zXD4pXkik=</latexit> { <latexit sha1_base64="BFdjBef649k27W9FDmnVx0uthWY=">AAAB9HicdVDLSsNAFJ34rPVVdelmsAiuQlJq2mXBTZdV7APaUCbT2zp08mDmplBC/8CtrtyJW//Hhf9iEiOo6FkdzrmXe+7xIik0Wtabsba+sbm1Xdop7+7tHxxWjo57OowVhy4PZagGHtMgRQBdFChhEClgvieh782vMr+/AKVFGNziMgLXZ7NATAVnmEo3o2RcqVqm03Tqlxa1TCtHSuya5TRsahdKlRTojCvvo0nIYx8C5JJpPbStCN2EKRRcwqo8ijVEjM/ZDIYpDZgP2k3ypCt6HmuGIY1AUSFpLsL3jYT5Wi99L530Gd7p314m/uUNY5w23UQEUYwQ8OwQCgn5Ic2VSCsAOhEKEFmWHKgIKGeKIYISlHGeinHaSTnt4+tp+j/p1UzbMZ3rerXVLpopkVNyRi6ITRqkRdqkQ7qEkym5Jw/k0VgYT8az8fI5umYUOyfkB4zXD4pXkik=</latexit> {

Currently impossible
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Simple examples: Logarithms
<latexit sha1_base64="Rou9eAIwMyJZIoh/3mk2TtPcGME="></latexit>

log(x) =

Z x

0

dt

t
<latexit sha1_base64="p2JMTLF/tzPZHbyrA2ukD2ZiIck="></latexit>

Li2(x) = �
Z x

0

dt

t
log(1� t) = �

Z x

0

dt1
t1

Z 1�t1

0

dt2
t2

Starting at one-loop, all we need are logarithms and dilogarithms 

Some one-loop integrals in 

<latexit sha1_base64="ZAbL3UFNkupiGzK9DWLTQpntI/s="></latexit>⇠

<latexit sha1_base64="r3JbZO6Vqmo7Psy5/5wS4wssC94="></latexit>

d = 4� 2"

<latexit sha1_base64="uFUwj5cn3NMGukdcsIv428z1+38="></latexit>
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<latexit sha1_base64="tgqtJZ7WJenshHS9UENiM6JIeA8="></latexit>
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<latexit sha1_base64="ZAbL3UFNkupiGzK9DWLTQpntI/s="></latexit>⇠



<latexit sha1_base64="tLpOXyn3jaCdp/Ckaucu930x78w="></latexit>

! =
dx

x� a
= d log(x� a)

6

Generalized Polylogs (GPLs)

Closed under integration:
<latexit sha1_base64="TumFRIbkRMfI9io91u512jLwug8="></latexit>Z
(rational function)⇥ (GPL) =

X
(GPLs) (Partial fraction + IBP)

Contains classical polylogs:

Example of class of functions called Chen iterated integrals with kernels 

<latexit sha1_base64="YWiIB3YQClUsRBuc9XPxxXQEWWE="></latexit>

dJ = "Ã(x)J
<latexit sha1_base64="NSsWeg3a5nyhiCbbIiXxTlc2Zx0="></latexit>

d log
<latexit sha1_base64="XQbO3SQJDH9eE+DJQYsC9RqPzEQ="></latexit>

Ãwith made up of forms

-expansion of 
<latexit sha1_base64="2bCE//BA7UF525P/ibBlLDm37Vk="></latexit>"

<latexit sha1_base64="tiIel5u/aGrbb4qc2/+wFZxOojs="></latexit>

J has GPLs as coefficients 

<latexit sha1_base64="KmFoa+b35eSDnq4uzPt5nzAX634="></latexit>

G(a1, a2, . . . , an;x) =

Z x

0

dx1

x1 � a1
G(a2, . . . , an;x1) Length is called  

transcendental weight

<latexit sha1_base64="xPm24j3Xoy8/RI0EOYAaqoZOAuw="></latexit>

Lin(x) = �G(0, . . . , 0| {z }
n�1

, 1;x)
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Example: Four-Point Double Box

One kinematic scale
<latexit sha1_base64="hnLpNiIp1SySM07yyts0BgUMpxk="></latexit>

x =
s23
s12

with 8 Master Integrals  
<latexit sha1_base64="hIYslR2EP1IYGl5TW9YZRQVT1kY="></latexit>

I = {I1, . . . , I8}

With “good” basis   
<latexit sha1_base64="UGKX9wLy5v30mOFBFdpS4O7Q1nk="></latexit>

J obtain -factorized differential equation<latexit sha1_base64="2UlYJValQ/8VQLXXR9kNxcvLYvw="></latexit>"
<latexit sha1_base64="kc6xZ4nc2do17tu604GG2HSTbro="></latexit>

dJ = "

✓
dx

x
A+

dx

1 + x
B

◆
J

<latexit sha1_base64="RIZR6p/1hOpBMBANpMUCSqkh3tI="></latexit>

d log(x)
<latexit sha1_base64="rqCx0xeOL/fUSAUXFoayOfw8OpY="></latexit>

d log(x+ 1)

Solution given in Harmonic Polylogarithms

in
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Some Properties of GPLs
<latexit sha1_base64="3w0iWMwHRQZidtQZtJ9qh+s01aw="></latexit>

G(~a;x)G(~b;x) =
X

~c2~a ~b

G(~c;x)Satisfy shuffle Algebra

The Symbol ~ rough approximate of GPL through argument of    
<latexit sha1_base64="kuZvWL4y7QzMumFBrm/cYYY3Fws="></latexit>

S(log(x)) = x

Can be evaluated efficiently

Massaging into fast convergent region + series expansion 

<latexit sha1_base64="xtZo95l4TrMqOObW5DfxGRtPtr8="></latexit>

d log forms

Fast implementations available 
(e.g. Ginac, handyG, FastGPL) 

<latexit sha1_base64="rfv7jrDzz8GindgEyy8T4Fr23AQ="></latexit>

S(I · J) = S(I) S(J)

Examples: 

Compatible with shuffle product:

Constants with 
transcendental weight

<latexit sha1_base64="mW4HUH0UF/za9IIYJuJRyVtzOVI="></latexit>

⇡ ⇠ 1
<latexit sha1_base64="fKlgwZKvrRmt5/U3L8mEHV52UKY="></latexit>

" ⇠ 1
<latexit sha1_base64="iDahwxlbKBtm3A2YPJ/7TNZ6Eyk="></latexit>

⇣m1...mn ⇠
X

mi

Useful for simplification and finding identities 
<latexit sha1_base64="J9XxC0Bf4msvH7TR7UF+i5booEk="></latexit>

S(Li2(x) + Li2(1� x)) = �S(log(x) log(1� x))

<latexit sha1_base64="yEd7O2qORdkJ5fel4n8YIIci7ds="></latexit>

S(Lin(x)) = �x⌦ . . .⌦ x| {z }
n�1

⌦(1� x)

<latexit sha1_base64="HAbC8D3Ldpo3NNxR7377LSFEWOw="></latexit>

Li2(x) + Li2(1� x) + log(x) log(1� x) ⇠ 0⇒ Full identity  
requires   ζ2

Implementation 
PolylogTools



Beyond Polylogs



and where to find them
How do we identify geometry of integrals?

<latexit sha1_base64="ZJjAY4DKjQl7OAz9+nYc8NzoyUI="></latexit>

MaxCut(I) ⇠
Z Q

d`d0
jQ

i Di
/.{Di ! �(Di)}

10

Fantastic Geometries 

Maximal Cuts

Homogeneous solution to differential equation of full integral

Skeletonized version of integral 
Much simpler to extract geometry

Reduces number of integrations

For polylogarithmic integrals:  
rational expression 

Linear system High order  
differential operator

For polylogarithmic integrals:  
Rationally factorizes 

<latexit sha1_base64="ZsDiE9Oyt3Mzfnj6erO8CeUmrC0="></latexit>

L(r)Ii = (inhom.)

<latexit sha1_base64="Hz04sKPNTy/bEeC+3xxGdIU2jtc="></latexit>

dr

dxr
+

r�1X

i=0

cr(x)
di

dxi

<latexit sha1_base64="S3P5W+rmX6KrPxMdbsKYTp/fmUE="></latexit>

dI

dx
= A(x)I

<latexit sha1_base64="juXio5O70vkTUTfccVzWlHAfaZE="></latexit>

(inhom.) = 0
<latexit sha1_base64="F8NYMglA/XfuHnFMyRyb/9S4Xlw="></latexit>

d = d0Simplify via and
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Elliptic Curves

Algebraic Curve:
<latexit sha1_base64="0EYV2Z9Y8yFIZiZmPmb0CCzZpk0="></latexit>

y, z 2 C
<latexit sha1_base64="bmNtIW+cO5OshBB5DHsgNimUkAk="></latexit>

f 2 C[y, z]
<latexit sha1_base64="ts34j+O32rUTw0SdhE4uu3oZdKM="></latexit>

f(y, z) = 0such that

Simplest Example: 
Elliptic Curves

Genus 1

-3 -2 -1 0 1 2 3

-6

-4

-2

0

2

4

6

<latexit sha1_base64="JLVUaPKgiOq/b1hS26KZdHkpzHs="></latexit>

f(y, z) = y2 � (z � a1)(z � a2)(z � a3)(z � a4) = 0

≃

Polynomial
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Modular Group and Forms

Periods span a lattice 
<latexit sha1_base64="DZ/j0VVtVYNAFwQeKBmrGUcz/Y4="></latexit>

⌧ =
 2

 1

Combination define  
periods of elliptic curve

Two independent cycles and

<latexit sha1_base64="BOISMpcXAExUGAi/ob9FcNfLi4s="></latexit>

 1 =

Z

�a

dx

y

<latexit sha1_base64="oFMDy/06mI2poHcAKG/gLWCHyP4="></latexit>

 2 =

Z

�b

dx

y

<latexit sha1_base64="mbms81QNRVSrJaBeZWPqH8hNR0w="></latexit>⌧
<latexit sha1_base64="lMH7vBZQGKfnafe46wKZCk6kkQA="></latexit>

1

One holomorphic form
<latexit sha1_base64="PLjTqRCqPFDI+aiBQrK+bI9kgXk="></latexit>

dx

y

<latexit sha1_base64="s9epkcb0SF0rwOgu37Wo6RHYBFk="></latexit>

}

Elliptic nome
<latexit sha1_base64="+k2OLVqEP9fJ7iNFa3BhAQv88no="></latexit>

q = e2⇡i⌧

Define ratio of periods

Modular group acts  
naturally on lattice

Awesome  
expansion variable

<latexit sha1_base64="NwwaUgnkwqy0sQXd2oMRFZS7754="></latexit>

⌧ 0 =
a⌧ + b

c⌧ + d

<latexit sha1_base64="nrlzzXBMirALNC9RxzbNr6OFEZk="></latexit>,
<latexit sha1_base64="18+8eWRzLXlA8wNdo3JUJm8axgs="></latexit>

 0
1 = d 1 + c 2

<latexit sha1_base64="YaOvzb5JavXMRqDWyjGH53yD/WE="></latexit>

 0
2 = b 1 + a 2

Modular forms: 
Functions that transform nicely 
under transformations

modular transformation 
 

Möbius transformation
=̂

new basis for lattice 

<latexit sha1_base64="S0S1wOg7+wtqetk/kHRAEmdQM0Q="></latexit>

|q|  0.0043

Can always choose   
such that

<latexit sha1_base64="IGfA9T4oPeaUkRONFWQYS/+5msE="></latexit>⌧
<latexit sha1_base64="qwgKc4ATwXYhSYBq9Ynqf/OTqaw="></latexit>

⌘k

✓
a⌧ + b

c⌧ + d

◆
= (c⌧ + d)k⌘k(⌧) k: modular weight

have quasi integral  
expansion in  q

<latexit sha1_base64="KRX1LvwtZOB8qmBgvBJhZ6micFM="></latexit>

 0
1 = (c⌧ + d) 1e.g.
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Elliptic Feynman Integrals

<latexit sha1_base64="tQ+HUdTKbKcYR1ZoxUgCzdDDReg="></latexit>

Massive propagators

Simplest example: The Sunrise Integral

one scale 
<latexit sha1_base64="r762XwjTAqbrotMYeB7iaJLjNBM="></latexit>

x = p2/m2

Maximal cut has algebraic obstruction: Not polylogarithmic

Equivalently, differential operator does not factorize

Identify maximal cut with elliptic integrals 

<latexit sha1_base64="bduIilOSOveflSQTL8Id3tbQ3F4="></latexit>

MaxCut(I)|�1 / K(k)
<latexit sha1_base64="HGaQGVDfeu/t2ofGiihpMwoyZMM="></latexit>

MaxCut(I)|�2 / iK(1� k)

In d=2

Elliptic integral of the first kind

Root of quartic polynomial  elliptic curve→

dI = "

0

@
0 0 0
0 ⌘2 1
⌘3 ⌘4 ⌘2

1

A I

<latexit sha1_base64="neegSfFx3bfwfn4o1/QPjmWuCf8="></latexit>

Kernels are modular forms

Sunrise as 
iterated integrals of 

modular forms
Super fast converging  

expansion in q
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Elliptic Polylogs
Several generalizations of polylogs possible on elliptic curves

<latexit sha1_base64="wIliLxLmBfuETBDHrMzVh1KkkAs="></latexit>

�̃ ( n1 ... nr
c1 ... cr ; z; ⌧)

<latexit sha1_base64="Bz1fK2GXjygu5xujKjqjTaNcItE="></latexit>

� ( n1 ... nr
a1 ... ar ; z)

<latexit sha1_base64="MJV+YCNFci8S13Nm5ir8PFoiof8="></latexit>

E4 (
n1 ... nr
c1 ... cr ; z)

<latexit sha1_base64="oRtlO2ABnx9ruIZzX+xRHzqObj8="></latexit>

E4 ( n1 ... nr
c1 ... cr ; z)

<latexit sha1_base64="gUHobTL6quAoRusx+JwHJREqiyI="></latexit>

ELin1...nl;m1,...ml;2o1,...2ol�1(x1, . . . , xl; y1 . . . yl; q)

Nice function classes with special properties 
(e.g. closure under integration, as for GPLs) 

Expressing results in these functions is not trivial  
(need to transform factorized DEQ to specific kernels)



Beyond Elliptics



How do we generalize from elliptic integrals?

Genus  
1

Dimension  
1

Elliptic Curve

Curves of 
higher genus

e.g. Hyperelliptic curves

<latexit sha1_base64="7EdnGnaLDySNdUgAMf55xCexAv8="></latexit>...Higher dimensional  
varieties

e.g. Calabi—Yaus

Elliptic Feynman integrals are phenomenological state of the art

What else is there?

16
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|
{z

}

<latexit sha1_base64="pehGLlk8VY9IGu54YA72e+4tg90="></latexit>

n = 2(`� 1)

<latexit sha1_base64="/3ZyVrevO5ZQQ9Rp24rdU77zSYE=">AAAB/XicbVDLSsNAFJ3UV62vqks3g0WoC0tSKroRCm66rGAfkIYymd7WoZNJmLkRSil+hVtduRO3fosL/8UkZqHVszqccy/33ONHUhi07Q+rsLK6tr5R3Cxtbe/s7pX3D7omjDWHDg9lqPs+MyCFgg4KlNCPNLDAl9Dzp9ep37sHbUSobnEWgRewiRJjwRkmkquu6tUBSHnmnA7LFbtmZ6B/iZOTCsnRHpY/B6OQxwEo5JIZ4zp2hN6caRRcwqI0iA1EjE/ZBNyEKhaA8eZZ5AU9iQ3DkEagqZA0E+HnxpwFxswCP5kMGN6ZZS8V//PcGMeX3lyoKEZQPD2EQkJ2yHAtki6AjoQGRJYmByoU5UwzRNCCMs4TMU7KKSV9OMvf/yXdes1p1M5vGpVmK2+mSI7IMakSh1yQJmmRNukQTkLySJ7Is/VgvViv1tv3aMHKdw7JL1jvXzlVlKA=</latexit>

dimension of manifoldn =

<latexit sha1_base64="aIgyrdahHwCVT59UBDUV+Y22yQE="></latexit>

n = 3

...

<latexit sha1_base64="Hv9tizPWjmv6HHCsYLj9U/KL7vk="></latexit>

Banana Integrals
Simplest Example:

-loop Banana integral `

<latexit sha1_base64="LdPzYUzaz8yg+lbcCCDBuiCFL/g="></latexit>

-fold Calabi–Yau(`� 1)

<latexit sha1_base64="SzxA1pHTHbv2Lu4ZoqYN+Xn9HrE="></latexit>

=̂

An Outlook
Calabi–Yau Feynman Integrals 

Plenty of Calabi—Yau integrals known 
Beyond one kinematic scale currently infeasible

String and mathematics literature extremely helpful
Mirror symmetry provides mirror map

Defines  and , similar to elliptic case<latexit sha1_base64="IGfA9T4oPeaUkRONFWQYS/+5msE="></latexit>⌧ q

For equal-mass Banana Integral 
series expansions in q

Frontier: Multi-scale Banana Integrals

Other examples:
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Conclusions

Feynman integrals span zoo of special functions
At 1-loop just Logs and Dilogs
Already at 2-loop, elliptic, higher-genus, and Calabi—Yaus appear

In odd dimensions significantly less explored (at least from QCD side)
However, much of the technology should carry over to d=3

Size of the zoo unknown

Polylogs well understood class
Elliptics feasible, but still technically challenging


