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A problem at least 40 years old (Nienhuis, Den Nijs) with many historic contributions (from
Symangzik, Brydges-Frohlich—Spencer to Affleck Seiberg Schwimmer to Dotsenko Fateev to
Schramm, Loewner, Werner, Smirnov and many more)
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(ensembles of self-avoiding mutually avoiding loops
LOOP SOUP S with fugacities per loop and bond)

e Are standard in many problems of statistical physics (O(n) model,
()-state Potts model, disordered free electrons models (plateau

transitions...)

e Are a big thing in probability theory (SLE evolution)

While many properties (like critical exponents) have been known for decades, first “phenomenologically” by physi-
cists (Coulomb gas constructions, Bethe-ansatz) (den Nijs, Nienhuis, Dotsenko Fateev, Duplantier Saleur...)
then rigorously by mathematicians (W. Werner, S. Smirnov, H. Dominil Copin...)

Understanding of the full CF'T (OPEs, 4-point functions etc) has eluded us until very recently



a bit of (field theoretic) context.... The O(n) model

¥ O(n) Landau-Ginzburg model in 2D

: has second-order phase transition for n < 2
escapes the Mermin-Wagner theorem

¥ Alternatively the NLoM o .
n = 1 is Ising (discrete symmetry)
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Rows toweak coupling forn< 2

B(g2) = (n—2)g* + 0(¢) and admits a critical point

¥ A simple lattice regularization (A! eck, Nienhuis, Schwimmer.))

n =0: SAW n-component vectors$; with O(n) symmetric §;.§; coupling

# )
e &’ (
$7 % d$ 1+Kk§.§ *

i <ij>

!
Z = K2nt

dilute loop gas



Dilute loop gas  Conformal loop ensemble

Note that n can be extended toC

Related with the lzergin-Korepin spin chain

Very robust universality class:

Crossings donOt matte

¥ The natural questions:

what is the corresponding CFT?
what happens to the continuous symmetry?
what does n non integer mean?



Why things are difficult

¥ Conformal invariance of local massless beld theories in 2D leads to the Hilbert space
being a representation of Vir! Vir

C
Lo, Lm]l=(n" M)Lpsm + 1—2(n3 "Mnem

Critical exponents (#V(z,2)V (0,0)$= z' 2"d 2f) are eigenvalues oL o, ¥,

¥ Unitarity leads in particular to a full classibcation andsolution of theories
with central chargec< 1

¥ Extra symmetries (e.g. SUSY,Zy ) can easily be added to the picture

¥ 2D CFTs with continuous symmetries are usually described by
Wess Zumino Witten (WZW) models (Knizhnik Zamolodchikov, A! eck..)

ChargesQ? give rise to a pair of chiral and antichiral local currents J&, 3

with Kac-Moody algebra commutations

o o 1
Jr?,\]r?] = fng°+ ikn!ab!ern

where k is a (usually quantized) anomaly (level)



alas all this breaks down when unitarity is lost

The mild non-locality can be traded for genuine locality at the price of

Wity s Wity fos introducing complex Boltzmann weights

(Some) Casimirs and dimensions become negative when!/ N’

Why is is important? Relevant Virasoro representation theory is ... wild!

¥ Only properties like the central charge and (some) critical exponents have
been known for a long time. E.g. Qotsenko Fatee):

!
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but now the CFTs are fully solved!



Note on a close cousin: the Q-state Potts model

¥ LG universality class is discreteSg symmetry Second order phase transition forQ $ 4

#
o o e
¥ Lattice discretization:
S Discrete spins” =1,...,Q with Sq Invariant # ,, coupling
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dense loop gas

Q = 1: percolation

By duality it is (almost) the same as a dense loop gas (properties of boundaries vs insides of cluster:

Related with the XXZ spin chain (And alsoCP™ 1 m= Q,!=") (Read Saleur)



bits and pieces of a long story

what we have to do: - identify the fields, their conformal
dimensions and their symmetries
- determine (all) the correlation functions
(this will be achieved if we have determined
the OPEs and the thre-point couplings



the Hilbert space of the CFT: The field (Operator) content

¥ We want to know how to write H = o(n) " (Vir, Vir)

¥ This can be extracted from the traceZ = Tr y g-o' ¢ 24¢gPo! ¢ 24

¥ Using conformal mappings, this trace can be re-expressed as tt
torus partition function Cardy 1988

¥ Z can be calculated using OCoulomb gasO as well as
algebraic techniques : particular care has to be taken ohon-contractible
loops (all loops have weightn irrespective of their topology)
Branching rules from Brauer to (a! ne) Temperley-Lieb algebras

DiFrancesco, Saleur, Zuber 1992; Read Saleur 200 q= e , " the torus modular parameter

¥ The result should have the form

H#
Z = degeneracy# (

h, @

h! c/ 24qq! c/ 24

The degeneracies should be integer fan integer and in general correspond to (the dimensions of) the
irreducible representations of the symmetry



E.g. the order parameter comes with [1] the vector representation

[(x+1)r! xs]?! 1

Seths = Ax(x + 1)

¥ It turns out there is much more structure Kac theorem - Virasoro Verma modules ar

reducible whenr,s ! N
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Zero norm square states



¥ As for the degeneracies

(r,s) Ers

(3,0) n

(1,0) s(n+2)(n! 1)
(1,1) In(n! 1)
2,0) n(n?! 1)
3,2 n(n?! 4)
(2,0) zn(n3! 3n+2)
(2,3 z(n*! 5n?+4)
(2,1) Z(n! 2)n(n+1)2
(2,3 z(n*! 5n?+4)
(3,0) | £(n°! 6n*+ n®+11n2?! n! 6)



they correspond to glueings ofO(n) representations

¥ As for the degeneracies .
Into larger blocks

(r,s) Ers

(3:0) n (30 = [1]

(1,0) s(n+2)(n! 1) | 1o = [2]

(1,1) n(n! 1) | 1.1y = [11]

2,0) sn(n?! 1) | (3,0 = [3]+[111]

(2,2 sn(n?! 4) 52y = ! (34 =[21]

(2,0) zn(n®! 3n+2) | 2.0 = [4]+[22] +[211] + [2] + []

(2,% %(n“! 5n2 + 4) Loy = ey = [31] +[211] + [11]

(2,1) X(n! 2)n(n+1)2 | 21y = [31] +[22] + [1111] + [2]

2, 2) L(n*! 5n2+4) | (5.0 = [5] +[32] + 2[311] + [221] + [11111] + [3] + 2[21] + [111] + [1]
(3,0) | £(n®! 6n*+ n*+11n%! n! 6) D 5.2y = [41] +[32] + [311] + [221] + [2111] + [3] + 2[21] + [111] + [1]

Exact expressions for theE,s and! (s are now known

¥ The O(n) symmetry is global, not LR factorized so this is not a WZW model

¥ The symmetry is howeverenhanced (to a non-invertible topological symmetry)

Jacobsen Saleur 2027



¥ The ! (Nr o = ro  "roarethe 2 watermelon operators

(associated in particular with the [2r] representations)

Duplantier Saleur

¥ The! il ) ="!rs! 11 s are the 2 watermelon operators
where an elementary cyclic permutation of the 2 lines around an extremity
gains a phasee' s (2rs = 0 mod 2).

¥ Not every O(n) Young diagram gives rise to a dfi erent primary beld
This is becausein 2D not all tensors can be realized without crossing:

For instance, (11" @ —

L & _—
\J/"/ -~ f
¥ Recall the model with crossings 3ow anyway to the same CF (\\_/ =
as the model without



Virasoro representations and ~“ghosts”

¥ The appearance ofl Pl,s# shows that ! Plz# = "1 1o IS degenerate, ie it has a descenden

at level two that vanishesindeed o
Feigin Fuchs, Kac

" 12 having conformal weight h,», we know that it has a zero (Virasoro) norm descendent at level 2:

& 12A12|A12" 12$: 0 (Where Ao %L, o # ﬁl_lz 1)

Using this kind of property is the essence of theBPZ strategy to determine
four-point functions and solve the theory

Belavin, Polyakov, Zamolodchikov

In the O(n) CFT a (very) few four-point functions (essentially, the energy) can
indeed be determined this way

¥ But these are the exception, not the rule

The theory being non-unitary, the Virasoro norm is not positive debnite and
there are (inPnitely many) null states which are not vanishing



Logarithmic CFT: Generic logarithmic structure

For all the other ! s in the theory (r,s integer, r > 1) the null descendents are indeecdhon zero

and involved in rank two Jordan blocks ( Zo(n) = - Yor,su+ (Ers + # 11 2241) ¢ r,s))
st 2N+ ri 3Nt st 1z
(r,s) .
A o Loewy diagram
! X - . I M I .ﬂN = I M
(r’s) r,Ss rnt s (LO | hr, ! S) (r’S) rn:s r,Ss
\ | %‘\

OOne-wayO Virasoro action
Ar,S ' (Nr’s) — MI‘,S p(Nr15)

Top and bottom Pelds haveh = 8= h;, s = h;s + rs
A, A are combinations of Vir (Vir) producing null states

¥ A simple example: (see alsoGorbenko Zan 2020
212 $0

" $0

but both have zero norms square



Exact solution via the bootstrap (focus on 4 point functions)

¥ The order operator 8 transforms in [1] and creates an extra open line in the lattice model

¥ Its dimension is well known to behy; ;g = (’;gxl()f(’ii’)?’) . Nienhuis 19800

¥ From [1]32 =[] ( [11]( [2] we get the tensor structure

L viz i yis @ TOM A9 L TOM A L TOM) A(S)
NiogVioVioVie®= To A+ Toy Auyt T Ag

O(n) _
T[] - !iliz-i3i4 ’
O(n) _
T[ll] - !i1i4'i2i3 & I|1|3I|2I4 ]
o(n) _ 2
T[2] - !ilis!i2i4 i !i1i4!i2i3 & ﬁ!iliZ'isu

¥ It can be reinterpreted in terms of diagrams (recall 8 creates a line)
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_ A 2,0 EENCEENG EENCITIING
Ci= AP SAD | Co= AR+ AR L Ca= ARt AL
¥ The bootstrap program Regge, Mandelstamm, Polyakov, BPZ, El-Showk, RyChkOV,. .

Ferrara, Gatto, Parisi




di$erent values of the anharmonic ratic
Expand the four point function onto conformal blocks

! /

AVEOZNFY By, k" {stu)

(1 ,19)" S(k)
channel limit 5 3
S 2! 7 s 7 = 412734
{ 2,z 213 Z24
1 4
u Z1! z5

The unknowns are the values oft ,# i.e. the spectrum.
The F!(k) are determined from general principles as functions of,# and the external weightsh
Zamolodchikov

If the spectrum is known and identical for several channels = (t)(z) - E (S)(ll 2)
consistency conditions can be written, e.g. ! !

! ' 7

A e FPO(z)Fg () # FV({z))Fg (m}) =0
(! ,9)"s

Solving numerically for a range of values oz determines the amplitudes

: : : : : - 2 3
(of course this only works if the spectrum is consistent GG H = ©xCm I
I s%S 1 !



¥ The spectrum is a priori (and in fact) very rich

S= (rs)N:r! N'/2,s! ZIr " {#,1+2N$}

JJ

U ° ° The non diagonal part has
: s values dense on the axis
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¥ The fact that ! ([’1’3) IS truly degenerate means the fusion rule

P13l s = trsv2 s + hism 2

IS obeyed for allr, s



so matters somehow simplify and conformal blocks can be partly resummed
into interchiral conformal blocks (Gainutdinov Read Saleur 2013

¥ However! ,; Is not degenerate (contrast with Liouville at ¢ < 1) so only
a numerical approach is possible

It can in fact be carried out to arbitrary accuracy, despite the large number of pelds
Amazingly, the numbers can be btted by (complicated) formulas, suggestingxact solvability

¥ We have also carried out alattice bootstrap, measuring amplitudes of four-point
functions directly on the lattice using transfer matrices (and sometimes Bethe-ansatz
The agreement is perfect.

¥ The same analysis can be carried out foall four-point functions. Some interesting
interplay with O(n) symmetry



¥ Using the interchiral blocks debne

Sy = {(r,s)V:r! Ns! 2)/r " [#1,1)} $ {%, 1&}
I
Sp = {(rn,s)V;r! Ns! (2Z)/r " [#1,1)}
Spyy = {(ns)Nir ! Ns! 2Z+1)/r " [#1,1)}
We have the OPE a0 a0 ! : ! . ! o
Vaizon  Vaizon = Vie + P \

Generalizedenergy operators

_ Watermelon operators with even number of legsand
T winding phases compatible with the symmetry
\/ — \” . U / e
[7'1:’(:) U.’@) (40)

The CFT is not rational and not quasi-rational



Bootstrap for SAW (n! 0)
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The same can be done for Q-state Potts

L . N ¢
¥ Similar kind of glueings 22 )
¥ There no currents (Sq Is discrete) \\_\ ol
. . ¥ @
¥ Now itis ! «»1.0 that is exactly degenerate
¥ The " (I\(I),s) are the 2 cluster boundaries (hull) operators
&

¥ In particular the following 4-point functions

—_— a\

D
Dabab Daabb @b

can be determined exactly ‘

Daaaa




A note on lattice techniques

y  The spectrum and amplitudes can be determined by
calculating C, (for instance) and tackling the inverse problem Jacobsen Saleur

/ w1 = ia, Wy = $ia

wz=i(a+ x)+ I, wg=i($a+ x)+ |

The Cy etc are expanded on eigenvalues of the transfer matrix

for a large set ofw; coordinates. By solving the inverse problem, we

determine which of the eigenvalues actually contribute, and with which amplitude
We do this for a variety of sizes, and extrapolate to the continuum limit.

Note: the number of eigenvalues is very large (in the thousands).

|1 e! 2! (I+ix)/L | e! 2! (I ix)/L

the usual contribution from | “ 4
transfer matrix eigenvalues :  %e 'PX %=exp ! 2-(h+ M

:ZL—#(h! R) & Z

the amplitude corrected by logarithmic mapping



¥ Algebraic considerations (d ne Temperley-Lieb algebra and the like) are crucia

(V. Jones, Ram, Martin, Graham Lehrer, Read Saleur, Jacobsen Saleur, Estienne Ikhlef, Morin-Duchesne Ikhje

¥ Action of Virasoro can be studied usingdiscretizations of the L,, O:
(Koo Saleur 1995, Vidal et al., Zini Wang)



Conclusions and summary

¥ Non-unitarity precludes these models to be WZW theories. There are OcurrentsO but they are not purely
chiral (e.g. the OPE J2(z)J"®(0) might contain some @dependency)

¥ In fact the currents do not seem to play much a role, and there is no qualitative dl erence betweerO(n) and
Sq

¥ The symmetry is larger than O(n) or Sg. Non-invertible topological lines seem to play an important role.

¥ The spectrum is very rich, with a dense set of values of one Kac label. The theories are neither rational noi
guais-rational

¥ One type of beld (depending orO(n) or Sg) ! 1. or ! | ;. is truly degenerate but not both.

¥ There are many Pelds with integer Kac labels which are degenerate and involved in rank two Jordan blocks
¥ When x is a root of unity, Jordan blocks of higher rank (in fact, arbitrarily high) appear

¥ Four-point functions can be accurately determined using the bootstrap. They are regular as a function oxX.

¥ There are strong indications (e.g. exact amplitude ratios) that these theories are analytically solvable

So this is almost (for physicists) the end of a story started more than 35 years ag



As for future directions

¥ For the more mathematically oriented: rigorous construction of these CFTs, relationship with SLE, categorical
interpretation of O(n) symmetry when n! C (Binder Rychkov)

¥ It is not clear how these features will help solve more complicated models such as those describing plate
transitions: our understanding of non-compactedness in CFT is still insti cient

¥ And so is our understanding of the landscape of non-unitary CFTs (how many spectra lead to meaningful
CFTs? how are the RG R3ows?)

¥ There are probably lessons about 3D to be learned from this
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interpretation of O(n) symmetry when n! C (Binder Rychkov)

¥ It is not clear how these features will help solve more complicated models such as those describing plate
transitions: our understanding of non-compactedness in CFT is still insti cient
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CFTs? how are the RG R3ows?)

¥ There are probably lessons about 3D to be learned from this

Thank you!



