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2D bilayer geometry

For layers j P t1, 2u, we define the Bravais lattice

Rj � tAjn : n P Z2u

where Aj is a 2 � 2 invertible matrix whose columns are primitive lattice vectors.
We define the unit cell for layer j as

Γj � tAjx : x P r0, 1q2u.

Reciprocal lattice: R�
j :� t2πA�T n : n P Z2u.

Brillouin Zone: Γ�j :� BZj :� t2πA�T
j x : x P r0, 1q2u.

Represent multilattices by R1 � A1 and R2 � A2
where Ai denotes the set of orbitals associated with each lattice point in layer i .
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Tight-Binding Model
Tight-binding parameterizes the Hamiltonian into interactions between localized
(Wannier) basis functions:

hαα1pR � R 1q � xϕpR,αq|H|ϕpR1,α1qy.

R � R 1 can take any value in Rj for Rα P Rj � Aj , R 1α1 P Rj � Aj , but
R � R 1 can take any value in R2 for Rα P R1 � A1, R 1α1 P R2 � A2.

We can formally define an operator H such that

HRα,R1α1 � hαα1pR � R 1q,

and an eigenproblem
Hψ � Eψ.

The operator H does not have translation symmetry and thus cannot diagonalized
by a Bloch transform if R1 Y R2 is not periodic.

� We assume an exponential localization of the Hamiltonian entries:

|hαα1pxq| ¤ Ce�γ̃|x |.
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Computing time of DFT versus Tight-Binding
Approximately 10, 000 atoms per moiré cell.

Continuum models for electrons
Instead of directly using tight-binding models, the elec-
tronic structure of a twisted bilayer can be calculated in 
a Bloch-wave basis. Owing to the twist angle, the Bloch 
states of one layer strongly couple to states in the other 
layer at different momenta, leading to a uniform net-
work of interlayer couplings over an expanded set of 
Bloch states and forming a momentum lattice. This tech-
nique works best when the monolayer band structures 
are highly dispersive relative to the interlayer coupling 
in the desired energy region. Then, Bloch states at larger 
energies enter the low-energy theory perturbatively. The 
momentum lattice can be truncated efficiently without 
distorting the desired region of the electronic spectrum, 
making calculations both accurate and fast. In the case of 
TBG, the large Fermi velocity of the Dirac cones relative 
to the interlayer coupling strength means only tens of 
Bloch waves are needed near θ = 1°.

The continuum expansion was first applied in 2007 
in a study of TBG41. This was followed by a number of 
works that more closely analysed the symmetry inherent 
in this system at large angles121, the electronic structure at 
small angles3,170 and the effects of magnetic fields146,171,172.

Empirical models. As we have seen, the Hamiltonian 
of a generic bilayer material consists of two monolayer 
Hamiltonians, H1 and H2, and an interlayer coupling 
between them, T. We have already investigated the 
difficulties associated with solving this problem in a 
tight-binding basis, as the number of orbitals grows 
with decreasing twist angle. In the electronic continuum 
model, we expand the bilayer in momentum space, 
introducing block-diagonal entries H1(k) and H2(k), 
which are the conventional Bloch Hamiltonians of each 
2D layer. Because of the twist angle, the interlayer cou-
pling between the Bloch states depends on the position, 
T(r) and is only periodic on the moiré length scale. T is 

related to the interlayer orbital couplings, t(Δr), which 
are dependent on the relative displacement between 
atoms (Δr). Depending on the local configuration d, Δr 
changes, modifying t and the effective interlayer cou-
pling H21. T can then be rigorously defined as the local 
interlayer coupling in terms of the atomic interlayer cou-
plings: 〈 | | 〉r d rT ψ H ψ( ) = ( ( ))k k

2 21 1
2 1  where ψ k

i
i is a Bloch 

wave of layer i and k1 is not necessarily equal to k2 (see 
Box 2 for details). Independent of its derivation, T(r) 
breaks the unit cell translational symmetry in H1, H2 and 
introduces couplings between Bloch states of different 
momenta on each layer. The resulting Hamiltonian is
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where the mixed basis, k and r, reminds us that the 
momentum-scattering process introduced by the inter-
layer coupling must still be carefully expanded. We pro-
vide a derivation of this expansion in Box 2. where r is 
integrated out, leaving a pure k basis for H.

For TBG, spin symmetry is often assumed, so the Hi 
are 2 × 2 matrices representing the two pz orbitals of a 
single unit cell of graphene. T is expanded in momen-
tum as Tkp, to describe the hopping of a Bloch state of 
momentum p of one layer to momentum k of the other. 
This scattering process can be indexed by the momenta 
difference qj = p − k and, generally, the qj with small-
est magnitude are the most important. The scattering  
matrices for these smallest qj take the form

≡T T
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where w0 and w1 represent interlayer coupling between 
AA and AB orbital pairs, respectively, and the ϕj

i phase 
factors depend on the orbital positions and choice of 
origin (see Box 2 for details). Often, explicit valley sym-
metry is imposed by assuming no effective coupling at 
low energy between the K and K′ Dirac cones of the 
monolayer, allowing for H(k) to be expanded around 
a single valley. Combined with the spin symmetry, 
this results in the eight electrons of magic-angle TBG’s 
flat bands becoming just two bands in the resulting 
Hamiltonian. One of the most common models, intro-
duced by Bistritzer and MacDonald3, picks simple Dirac 
cones for Hi and expands T to only the first Fourier com-
ponent (corresponding to the three smallest qj). Also, 
it assumes that the two layers are perfectly rigid to fix 
w0 = w1 = 110 meV. This simplified model works well 
for predicting the magic angle but misses other details 
of the electronic structure (Fig. 5c). In double-bilayer 
graphene, which is a bilayer consisting of two rotated 
Bernal stacked graphene bilayers, the Hi are 4 × 4 matri-
ces representing AB stacked bilayer graphene and the  
T matrices, also 4 × 4, are only non-zero for the orbitals 
at the twisted interface50,51. This concept can be expanded 
to multilayers of graphene with one twist angle, where all 
of the graphene sheets are grouped by their twist angle 
to form large, interconnected layers for the Hi (refs54,60). 
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Fig. 5 | Comparison of electronic band structures for 1.08° twisted bilayer graphene 
generated by different methods. The computing time for each method is given in  
core hours underneath each calculation. a | A density functional theory calculation.  
b | A tight-binding calculation106 using an ab initio tight-binding model128. An empirical 
continuum-model calculation3 (panel c) and an exact continuum-model calculation101,102 
(panel d). Panel a adapted with permission from ref.126, APS.

Nature Reviews | Materials

R e v i e w s

Electronic-structure methods for twisted moiré layers. Carr, S., Fang, S. & Kaxiras, E. Nat Rev Mater 5,
748–763 (2020).
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Transform to Momentum Space
The multilayer wave function ψR,α � pψR1α1 , ψR2αp q or ψ :� pψ1, ψ2q is defined on
Ω :� Ω1 Y Ω2 � R1 � A1 Y R2 � A2
Define the Bloch transform for each sheetqψjpqq � |Γ�j |�1{2

¸
RjPRj

ψRj αj e�iRj �q, q P BZj , αj P Aj .

Transform the Hamiltonian to momentum space~Hjjψjpqq � cj|hjjpqq qψjpqq, q P BZj ,�Hjkψkpqq �
¸

GjPR�

j

cjkxhjkpq � Gjq|ψkpq � Gjq, j � k, q P BZj ,

where cj � |Γ�j |1{2, cjk � cj � ck , and|hjjpqq � |Γ�j |�1{2
¸

RjPRj

hαj αj pRjqe�iRj �q, αj P Aj , q P BZj ,

xhjkpqq �
1

2π

�
hαα1pxqe�ix �qdx , j � k, αj P Aj , αk P Ak , q P R2.

The proof follows from the Poisson summation formula:
|Γ�j |�1

¸
RjPRj

e iq�Rj �
¸

GjPR�

j

δpq � Gjq, q P R.
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Interlayer Scattering

Transform the Hamiltonian to momentum space

~Hjjψjpqq � cj|hjjpqq qψjpqq, q P BZj ,�Hjkψkpqq �
¸

GjPR�

j

cjkxhjkpq � Gjq|ψkpq � Gjq, j � k, q P BZj .

We thus see that

qψjpqq scatters to |ψkpq � Gjq � |ψkpq � Gj � Gkq, Gj P R�
j , Gk P R�

k .

No periodicity if lattices are incommensurate!

Bilayer:

|ψ1pqq scatters to |ψ2pq � G1 � G2q, G1 P R�
1 , G2 P R�

2 .|ψ2pq � G1 � G2q scatters to |ψ1pq � pG1 � G2q � pG 1
2 � G 1

1qq

� |ψ1pq � pG1 � G 1
1q � pG2 � G 1

2qq, G 1
2 P R�

2 , G 1
1 P R�

1 .
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Interlayer Scattering

Transform the Hamiltonian to momentum space

~Hjjψjpqq � cj|hjjpqq qψjpqq, q P BZj ,�Hjkψkpqq �
¸

GjPR�

j

cjkxhjkpq � Gjq|ψkpq � Gjq, j � k, q P BZj .

We can substitute q by q � Gk above to obtain

~Hjjψjpq � Gkq � cj|hjjpq � Gkq qψjpq � Gkq, j � k,�Hjkψkpq � Gkq �
¸

GjPR�

j

cjkxhjkpq � Gj � Gkq|ψkpq � Gjq, j � k.

We can thus define the momentum Hamiltonian centered at q

rxHjjpqqsGk ,G 1

k
� cj|hjjpq � GkqδGk ,G 1

k
, if j � k, Gk , G

1

k P R�
k ,

rxHjkpqqsGk ,Gj � cjkxhjkpq � Gj � Gkq, if j � k, Gj P R�
j , Gk P R�

k .
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Momentum Space Hamilton

We can thus define the momentum Hamiltonian centered at q

rxHjjpqqsGk ,G 1

k
� cj|hjjpq � GkqδGk ,G 1

k
, if j � k, Gk , G

1

k P R�
k ,

rxHjkpqqsGk ,Gj � cjkxhjkpq � Gj � Gkq, if j � k, Gj P R�
j , Gk P R�

k .

We then have the following theorem based on the ergodicity property:

Theorem
,

Tr gpHq � Tr gppHp0qq � ν�
2̧

j�1

¸
αPAj

�
Γ�j
rg � pHpqqs0α,0α,

where

ν� �

�
|Γ�2 | � |A1| � |Γ�1 | � |A2|

��1
.

Incommensurate heterostructures in momentum space. Daniel Massatt, Stephen Carr, Mitchell Luskin, and
Christoph Ortner. Multiscale Model. Simul., 16:429–451, 2018.
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Incommensurate Band Structure — Local Momentum DoS

[The electronic properties of graphene, Neto, Geim, et al, Rev. Mod. Phys]
[Correlated insulator behaviour at half-filling in magic-angle graphene superlattices,Cao, Jarillo-Herroro, et al, Nature]

Figure: L: Monolayer graphene bands at the Fermi level. The Dirac cone.
R: Band structure for non-interacting twisted bilayer graphene.

Figure: Twisted bilayer graphene momentum local DoS
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Choice of Truncation

2⌘
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Momenta corresponding to energy of interest (η is coupling strength between sheets).

q0
<latexit sha1_base64="GkZ9Zjk9XDAtilEikbTWt38MEKI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpl262cTdiVBCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqRQGXffbWVpeWV1bL22UN7e2d3Yre/sPJsk04z5LZKJbITVcCsV9FCh5K9WcxqHkzXB4PfGbT1wbkah7HKU8iGlfiUgwila6e+y63UrVrblTkEXiFaQKBRrdylenl7As5gqZpMa0PTfFIKcaBZN8XO5khqeUDWmfty1VNOYmyKenjsmxVXokSrQthWSq/p7IaWzMKA5tZ0xxYOa9ifif184wughyodIMuWKzRVEmCSZk8jfpCc0ZypEllGlhbyVsQDVlaNMp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c6Tz4rw7H7PWJaeYOYA/cD5/AG1PjWw=</latexit><latexit sha1_base64="GkZ9Zjk9XDAtilEikbTWt38MEKI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpl262cTdiVBCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqRQGXffbWVpeWV1bL22UN7e2d3Yre/sPJsk04z5LZKJbITVcCsV9FCh5K9WcxqHkzXB4PfGbT1wbkah7HKU8iGlfiUgwila6e+y63UrVrblTkEXiFaQKBRrdylenl7As5gqZpMa0PTfFIKcaBZN8XO5khqeUDWmfty1VNOYmyKenjsmxVXokSrQthWSq/p7IaWzMKA5tZ0xxYOa9ifif184wughyodIMuWKzRVEmCSZk8jfpCc0ZypEllGlhbyVsQDVlaNMp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c6Tz4rw7H7PWJaeYOYA/cD5/AG1PjWw=</latexit><latexit sha1_base64="GkZ9Zjk9XDAtilEikbTWt38MEKI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpl262cTdiVBCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqRQGXffbWVpeWV1bL22UN7e2d3Yre/sPJsk04z5LZKJbITVcCsV9FCh5K9WcxqHkzXB4PfGbT1wbkah7HKU8iGlfiUgwila6e+y63UrVrblTkEXiFaQKBRrdylenl7As5gqZpMa0PTfFIKcaBZN8XO5khqeUDWmfty1VNOYmyKenjsmxVXokSrQthWSq/p7IaWzMKA5tZ0xxYOa9ifif184wughyodIMuWKzRVEmCSZk8jfpCc0ZypEllGlhbyVsQDVlaNMp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c6Tz4rw7H7PWJaeYOYA/cD5/AG1PjWw=</latexit><latexit sha1_base64="GkZ9Zjk9XDAtilEikbTWt38MEKI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpl262cTdiVBCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqRQGXffbWVpeWV1bL22UN7e2d3Yre/sPJsk04z5LZKJbITVcCsV9FCh5K9WcxqHkzXB4PfGbT1wbkah7HKU8iGlfiUgwila6e+y63UrVrblTkEXiFaQKBRrdylenl7As5gqZpMa0PTfFIKcaBZN8XO5khqeUDWmfty1VNOYmyKenjsmxVXokSrQthWSq/p7IaWzMKA5tZ0xxYOa9ifif184wughyodIMuWKzRVEmCSZk8jfpCc0ZypEllGlhbyVsQDVlaNMp2xC8+ZcXiX9au6x5t2fV+lWRRgkO4QhOwINzqMMNNMAHBn14hld4c6Tz4rw7H7PWJaeYOYA/cD5/AG1PjWw=</latexit>

We add buffer region of radius r in
momentum space
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We map to truncated reciprocal lattice region.
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Momentum Space Hamiltonian Domain Reduction

q0
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Figure: Low energy momenta in momentum space (left) and reciprocal space (right).

Can approximate pHpqq by pH|Ω�
r,τ
pqq in

Tr gpHq � Tr gppHq � ν�
2̧

j�1

¸
αPAj

�
Γ�j
rg � pH|Ω�

r,τ
pqqs0α,0α,

for momentum basis truncation r and interlayer tunneling truncation τ.
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Disregistry
The disregistry of an atom R1 of layer 1 with respect to layer 2 is given by

b1Ñ2pR1q � modΓ2pR1q, R1 P R1.

Since A2A�1
1 R1 P R2, we can smoothly interpolate to R2 by

b1Ñ2pxq � modΓ2

�
pI � A2A�1

1 qx
�
.
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Moiré Unit Cell and Superlattice
b1Ñ2pxq and b2Ñ1pxq are isomorphisms

b1Ñ2 :
#

ΓM Ñ Γ2,

x ÞÑ pI � A2A�1
1 qx � pI � A2A�1

1 qx � A2pe1 � e2q � A2pA�1
2 � A�1

1 qx ,

b2Ñ1 :
#

ΓM Ñ Γ1,

x ÞÑ pI � A1A�1
2 qx � A1pA�1

1 � A�1
2 qx ,

where ΓM is the periodic moiré cell:

ΓM :� R2{RM � AMr0, 1q2 � pA�1
1 � A�1

2 q�1r0, 1q2,

and RM is the moiré superlattice given by

RM :� AMZ2 � pA�1
1 � A�1

2 q�1Z2.

Reciprocal moiré lattice is then given by

R�
M :� 2πA�T

M Z2 � 2πpA�T
1 � A�T

2 qZ2.
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Ergodicity of Disregistries for Incommensurate 2D Layers
For h P CperpΓ2q, we thus have that hpR1q � hpb1Ñ2pR1qq and

1
#R1 X Br

¸
R1PR1XBr

hpR1q �
1

#R1 X Br

¸
R1PR1XBr

hpb1Ñ2pR1qq Ñ
1
|Γ2|

�
Γ2

hpbqdb.

Generalized Kubo formulas for the transport properties of incommensurate 2D atomic heterostructures. E.
Cancés, P. Cazeaux, and M. Luskin. Journal of Mathematical Physics, 58:063502, 2017.
Electronic density of states for incommensurate layers. Daniel Massatt, Mitchell Luskin, and Christoph Ortner.
SIAM J. Multiscale Modeling & Simulation, 15:476–499, 2017.
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Energy landscape in twisted bilayer graphene

Strain solitons and topological defects in bilayer graphene. PNAS, 2013, Alden, . . . , McEuen
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Continuum Model for Relaxation of Incommensurate 2D Bilayers
The relation between displacement in configuration space coordinates and real
space coordinates is assumed to be given by

U1pxq � u1pb1Ñ2pxqq and U2pxq � u2pb2Ñ1pxqq,

where u1 is periodic on Γ2 and u2 is periodic on Γ1. Since b1Ñ2pxq and b2Ñ1pxq are
isomorphisms

b1Ñ2 :
#

ΓM Ñ Γ2,

x ÞÑ pI � A2A�1
1 qx ,

b2Ñ1 :
#

ΓM Ñ Γ1,

x ÞÑ pI � A1A�1
2 qx ,

we have that U1pxq and U2pxq are periodic on ΓM and

EtotpU1,U2q �

�
ΓM

dx
�
E1

intrap∇U1pxqq � E2
intrap∇U2pxqq

�
1
2E1

interpb1Ñ2pxq � U1pxq � U2pxqq �
1
2E2

interpb2Ñ1pxq � U2pxq � U1pxqq
�
.

where E1
inter : Γ2 Ñ R is the relaxed Generalized Stacking Fault Energy.

Energy minimization of 2D incommensurate heterostructures. P. Cazeaux , M. Luskin, and D. Massatt. Arch.
Rat. Mech. Anal., 235:1289–1325, 2019.
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Generalized Stacking Fault Energy
The interlayer energy density of layer 2 with respect to layer 1 can be accurately
modeled by the Generalized Stacking Fault Energy, FGSFE,

E2
interpb2Ñ1pxq � U2pxq � U1pxqq � FGSFEpb2Ñ1pxq � U2pxq � U1pxqq,

where b2Ñ1pxq is the disregistry. FGSFE can be fit by DFT.

b

Sheet 1
Sheet 2

Figure: How the Generalized Stacking Fault Energy, which represents the interlayer
coupling energy, depends on the disregistry b for three different materials.
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Bilayer Graphene or MoS2 Configuration Space Model
For bilayer graphene or MoS2, Eintra � E1

intra � E2
intra since the intralayer energy is

isotropic and
E1

interpb1Ñ2pxqq � E2
interpb2Ñ1pxqq

by symmetry.

We can then obtain from the uniqueness of solutions to the energy minimization
problem that U1 � �U2 and U1 is the minimum displacement for the energy

EtotpUq :� 1
|ΓM |

�
ΓM

dx
�
Eintrap∇Upxqq � E1

interpb1Ñ2pxq � 2Upxqq
�
.

Rescale to Γ0 :� 2 sinpθ{2qΓM to get Ginzburg-Landau type equation:

EtotpUq :�
�

Γ0

dx
�
Eintrap∇Upxqq � 1

p2 sin θ{2q2 E1
interpb1Ñ2pxq � 2Upxqq

�
.

Hence, �
Γ2

|∇u1pbq|2 db ¤ Cθ�2,

�
ΓM

|∇U1pxq|2dx ¤ Cθ�2.
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Regularity of Displacement�
Γ2

|∇u1pbq|2 db ¤ Cθ�2,

�
ΓM

|∇U1pxq|2dx ¤ Cθ�2.

Figure: Relaxation results for twisted bilayers with five incommensurate twist angles each.
The left panel of each column shows FGSFEpb � 2upbqq over Γ (the relaxation pattern in
configuration space) and the right panel shows FGSFEprq (over real space).
Relaxation and Domain Formation in Incommensurate 2D Heterostructures. S. Carr, D. Massatt, S. B. Torrisi, P.
Cazeaux, M. Luskin and E. Kaxiras). Physical Review B, page 224102 (7 pp), 2018.

Relaxation and domain wall structure of bilayer moiré systems. Paul Cazeaux, Drake Clark, Rebecca Engelke,
Philip Kim, and Mitchell Luskin. Journal of Elasticity, 2023.
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Hamiltonian for Relaxed Bilayer Structures

We assume that the relaxed position for an atom on site R1 P R1 is given by

R1 ÞÑ R1 � u1 pR1q , u1 P CperpΓ2q.

If R1 P R1 and R2 P R2, we have by periodicity of u1 and u2:

Hu
R1,R2

� h12pR1 � u1pR1q � R2 � uP2pR2qq

� h12pR1 � R2 � u1pR1 � R2q � u2pR2 � R1qq

� hu
12pR1 � R2q,

where the relaxed interlayer coupling function is

hu
12pxq � h12px � u1pxq � u2p�xqq.

For intralayer coupling, R,R 1 P Rj ,

Hu
R,R1 � hjjpR � ujpRq � R 1 � ujpR 1qq,

which is not periodic!
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Momentum Space Relaxed Hamiltonian

The shifted Hamiltonian has the same structure for interlayer coupling:

rpHupqqsG1,G2 � c12ĥu
12pq � G1 � G2q if G1 P R�

1 , G2 P R�
2 .

For intralayer coupling, R1, R 1

1 P R1,

Hu
R1,R1

1
� h11pR1 � u1pR1q � R

1

1 � u1pR
1

1qq

is not periodic! How to apply Bloch transform?

We propose to approximate the Hamiltonian Hu with so that we can compute the
intralayer scattering due to relaxation.
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Approximation of Intralayer Coupling

For R1, R 1

1 P R1

Hu
R1,R1

1
� h11pR1 � u1pR1q � R

1

1 � u1pR
1

1qq

� h11pR1 � R
1

1 � u1pR1q � u1

�
R1 � pR

1

1 � R1q
	

� h11pR1 � R
1

1q � ∇h11pR1 � R
1

1q �
�

u1

�
pR1 � R

1

1q � R
1

1

	
� u1pR

1

1q
	
.

le

We thus define the approximate Hamiltonian H̃u as

rH̃usR1,R2 � hu
12pR1 � R2q, R1 P R1, R2 P R2,

rH̃usR1,R1

1
� h11pR1 � R

1

1q

� ∇h11pR1 � R
1

1q �
�

u1

�
pR1 � R

1

1q � R
1

1

	
� u1pR

1

1q
	
, if R1, R

1

1 P R1.
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Scattering from Relaxation

Recall that u1 is periodic on Γ2. The Fourier coefficients of u1pb2q are

ûG2
1 � |Γ2|

�1
�

Γ2

u1pb2qe�iG2�b2 db2, G2 P R�
2 ,

and the Fourier coefficients of u1pb2 � pR1 � R 1

1qq are thus e iG2�pR1�R
1

1qûG2
1 . It

follows that

u1pR1q � u1pR
1

1q �
¸

G2PR�

2

�
e iG2�pR1�R

1

1q � 1
	

ûG2
1 e iG2�R

1

1

and thus

rH̃usR1,R1

1
� h11pR1 � R

1

1q

� ∇h11pR1 � R
1

1q �
¸

G2PR�

2

�
e iG2�pR1�R

1

1q � 1
	

ûG2
1 e iG2�R

1

1 .
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Approximate Momentum Space Relaxed Intralayer Hamiltonian

Since

rH̃usR1,R1

1
� h11pR1 � R

1

1q

� ∇h11pR1 � R
1

1q �
¸

G2PR�

2

�
e iG2�pR1�R

1

1q � 1
	

ûG2
1 e iG2�R

1

1 ,

we have that the Bloch transform of
°

R1

1
rH̃usR1,R1

1
ψ1pR

1

1q is

|h11pqq|ψ1pqq �
¸

G2�0

�~∇h11pq � G2q � ~∇h11pqq
�

ûG2
1
|ψ1pq � G2q.
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Electronic band structure: unrelaxed vs. relaxed

Figure: Electronic band structure along high-symmetry lines of the moiré Brillouin zone at
a single monolayer K valley for 0.3� (top), 1.1� (middle), and 3.0� (bottom).
Electronic Observables for Relaxed Bilayer 2D Heterostructures in Momentum Space, Daniel Massatt, Stephen
Carr, Mitchell Luskin, arXiv:2109.15296v3, 2021
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Interlayer hopping functions for unrelaxed and relaxed 2D bilayers

Figure: Interlayer coupling for small twist angle θ � 0.3� in real and momentum space.
Real space methods suffer a loss of regularity with respect to configuration, while
momentum space suffers with slower reciprocal space localization.
Electronic Observables for Relaxed Bilayer 2D Heterostructures in Momentum Space, Daniel Massatt, Stephen
Carr, Mitchell Luskin, MMS, to appear.
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Energy Window & Momenta

2⌘
<latexit sha1_base64="w/C0egceMVj4oAybi8HSnaPG/5s=">AAAB63icbVBNS8NAEN3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03YnQgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmOfg8kYnuhMyAFAp8FCihk2pgcSihHY5vZ377CbQRiXrASQpBzIZKRIIztJLf6AGyfrXm1t056CrxClIjBVr96ldvkPAsBoVcMmO6nptikDONgkuYVnqZgZTxMRtC11LFYjBBPj92Ss+sMqBRom0ppHP190TOYmMmcWg7Y4Yjs+zNxP+8bobRVZALlWYIii8WRZmkmNDZ53QgNHCUE0sY18LeSvmIacbR5lOxIXjLL68Sv1G/rnv3F7XmTZFGmZyQU3JOPHJJmuSOtIhPOBHkmbySN0c5L86787FoLTnFzDH5A+fzB+dfjkg=</latexit><latexit sha1_base64="w/C0egceMVj4oAybi8HSnaPG/5s=">AAAB63icbVBNS8NAEN3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03YnQgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmOfg8kYnuhMyAFAp8FCihk2pgcSihHY5vZ377CbQRiXrASQpBzIZKRIIztJLf6AGyfrXm1t056CrxClIjBVr96ldvkPAsBoVcMmO6nptikDONgkuYVnqZgZTxMRtC11LFYjBBPj92Ss+sMqBRom0ppHP190TOYmMmcWg7Y4Yjs+zNxP+8bobRVZALlWYIii8WRZmkmNDZ53QgNHCUE0sY18LeSvmIacbR5lOxIXjLL68Sv1G/rnv3F7XmTZFGmZyQU3JOPHJJmuSOtIhPOBHkmbySN0c5L86787FoLTnFzDH5A+fzB+dfjkg=</latexit><latexit sha1_base64="w/C0egceMVj4oAybi8HSnaPG/5s=">AAAB63icbVBNS8NAEN3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03YnQgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmOfg8kYnuhMyAFAp8FCihk2pgcSihHY5vZ377CbQRiXrASQpBzIZKRIIztJLf6AGyfrXm1t056CrxClIjBVr96ldvkPAsBoVcMmO6nptikDONgkuYVnqZgZTxMRtC11LFYjBBPj92Ss+sMqBRom0ppHP190TOYmMmcWg7Y4Yjs+zNxP+8bobRVZALlWYIii8WRZmkmNDZ53QgNHCUE0sY18LeSvmIacbR5lOxIXjLL68Sv1G/rnv3F7XmTZFGmZyQU3JOPHJJmuSOtIhPOBHkmbySN0c5L86787FoLTnFzDH5A+fzB+dfjkg=</latexit><latexit sha1_base64="w/C0egceMVj4oAybi8HSnaPG/5s=">AAAB63icbVBNS8NAEN3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03YnQgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmOfg8kYnuhMyAFAp8FCihk2pgcSihHY5vZ377CbQRiXrASQpBzIZKRIIztJLf6AGyfrXm1t056CrxClIjBVr96ldvkPAsBoVcMmO6nptikDONgkuYVnqZgZTxMRtC11LFYjBBPj92Ss+sMqBRom0ppHP190TOYmMmcWg7Y4Yjs+zNxP+8bobRVZALlWYIii8WRZmkmNDZ53QgNHCUE0sY18LeSvmIacbR5lOxIXjLL68Sv1G/rnv3F7XmTZFGmZyQU3JOPHJJmuSOtIhPOBHkmbySN0c5L86787FoLTnFzDH5A+fzB+dfjkg=</latexit>

� We fix a small energy window of interest, η strength of relaxation & interlayer
coupling.

� Weak Van der Waals forces allow all scattering hoppings to be considered
‘perturbative.’
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Low Energy Reciprocal Latttice Approximation

q0
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Mapping from momentum space (left) to reciprocal lattice space (right)

Reciprocal lattice TB model forms isolated small matrix pockets, allowing band
structure.
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Convergence of Electronic Structure

Figure: The relative error for the Γ-point electron eigenvalue closest to the Fermi energy as
a function of the momentum basis truncation radius Λ and interlayer truncation radius τ .
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Convergence of Electronic Structure

Error estimate for the band structure (local density of states) as a function of the
momentum basis truncation radius Λ and interlayer truncation radius τ :����ϵΓpΛ, τq � ϵΓ

���� À e�γhτ � e�γΛΛ,

where the exponential rates of convergence for the unrelaxed structure is

γh À 1, γΛ À θ�1,

and the exponential rates of convergence for the relaxed structure since

γh À θ, γΛ À 1,

since �
Γ2

|∇u1pbq|2 db ¤ Cθ�2,

�
ΓM

|∇U1pxq|2dx ¤ Cθ�2.

Electronic Observables for Relaxed Bilayer 2D Heterostructures in Momentum Space, Daniel Massatt, Stephen
Carr, Mitchell Luskin, MMS, to appear.

Mitchell Luskin (University of Minnesota) Electronic properties of relaxed twisted bilayer graphene July 21, 2023 30 / 30



Dirac points for Graphene

Physically relevant part of dispersion relation is � 0 frequency, at Brillouin zone
corners Dirac points K ,K 1 (green triangles).

Can we derive an effective description of dynamics at these points?
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Dirac dynamics for Graphene

Theorem (Fefferman-Weinstein CMP 2014 [simplified])
Consider the tight-binding model of graphene iBtψ � Hψ, with initial data a
wave-packet localized at K , with spectral width ϵ ! 1

ψRp0q � ϵf0pϵRqe iK �R , f0pϵRq :�
�

f A
0 pϵRq

f B
0 pϵRq



.

The solution evolves as a wave-packet up to t � ϵ�2�δ (any δ ¡ 0)

ψRptq � ϵf pϵR, ϵtqe iK �R � Oℓ2pϵ2tq, f pϵR, ϵtq :�
�

f ApϵR, ϵtq
f BpϵR, ϵtq



,

envelopes modulated by the massless Dirac equation (D :� �iB)

iBT f � {Df , f p0q � f0, {D :�
�

0 DX1 � iDX2

DX1 � iDX2 0



.
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Tight-binding model for twisted bilayer graphene

Define the bilayer Hilbert space H :� ℓ2pΛ1;C2q ` ℓ2pΛ2;C2q,

ψ �

�
ψ1
ψ2



, ψi � pψR i qR iPΛi , ψR i �

�
ψA

R i
ψB

R i



, i P t1, 2u.

We consider the model iBtψ � Hψ, with
�
pHψq1
pHψq2



�

�
H11 H12
H:

12 H22


�
ψ1
ψ2



,

so that diagonal � intralayer, off-diagonal � interlayer terms.
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Tight-binding model for twisted bilayer graphene

For the intralayer terms, we take the monolayer Hamiltonian with nearest-neighbor
hopping.

−10.0 −7.5 −5.0 −2.5 0.0 2.5 5.0 7.5 10.0

x

−2.5

0.0

2.5

5.0

7.5

10.0

12.5

15.0

y

For the interlayer terms, we take, for σ P tA,Bu and R1 P Λ1,

pH12ψ2q
σ
R1

:�
¸

R2PΛ2

¸
σ1PtA,Bu

h
�b��R1 � τ σ

1 � R2 � τ σ1

2
��2 � ℓ2



ψσ1

R2
,

where h : R¥0 Ñ R decays, and ℓ ¡ 0 is the interlayer distance.

We emphasize that H is aperiodic for generic (irrational) θ!
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Key assumption
Consider the two-dimensional Fourier transform of the interlayer hopping function,
depending on interlayer distance ℓ ¡ 0

ĥpξ; ℓq :�
�
R2

e�iξ�r h
�b

|r |2 � ℓ2



dr .

0 2 4 6 8 10 12

ξ

0.0

0.2

0.4

0.6

0.8

1.0

ĥ
(ξ

;ℓ
)

ĥ(ξ; 1)

ĥ(ξ; 2)

ξ = |κ|
ξ = 2|κ|

Assumption (roughly stated)
ĥpξ; ℓq is Lipschitz in ξ, and |ĥpξ; ℓq| � e�ℓ|ξ|

Lipschitz � upper bound provable under mild assumptions on h (Cauchy’s
theorem); lower bound verified for e.g. hpζq � e�ζ .
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ĥ(ξ; 2)

ξ = |κ|
ξ = 2|κ|

Assumption (roughly stated)
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Main theorem

Theorem (Watson-Kong-MacDonald-Luskin, JFM, 2023 [simplified])
Consider the tight-binding model of twisted bilayer graphene iBtψ � Hψ, with
wave-packet initial data ψp0q � ψ0 localized at K i in layer i , with spectral width
ϵ ! 1.

Suppose h satisfies the assumption, and ℓ and θ satisfy

|ĥp|K |; ℓq| � ϵ, θ À ϵ.

Then, ψptq evolves as wave-packet up to t � ϵ�2�δ (any δ ¡ 0), with envelopes
f � pf A

1 , f B
1 , f A

2 , f B
2 q

J modulated by

iBT f � HBMf , HBM :�
�

σ � p�i∇q T prq
T :prq σ � p�i∇q



,

σ � pσ1, σ2q vector of Pauli matrices, T prq moiré potential.
See also E. Cancés, L. Garrigue, and D. Gontier, “A simple derivation of moiré-scale continuous models for
twisted bilayer graphene,” Phys. Rev. B 107, 155403, 2023.
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Moiré potential

Difficult part: simplifying interlayer terms using properties of momentum space
interlayer hopping ĥ to moiré potential

T prq :� ĥp|K |; ℓq
�
T1e is1�r � T2e is2�r � T3e is3�r

�
,

s1, s2, s3 displacements between twisted Dirac points, 9θ!

−2 −1 0 1 2

x

−2

−1

0

1

2

y s1

s2

s3
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T prq :� ĥp|K |; ℓq
�
T1e is1�r � T2e is2�r � T3e is3�r

�
,

s1, s2, s3 displacements between twisted Dirac points, 9θ!

−2 −1 0 1 2

x

−2

−1

0

1

2

y s1

s2

s3

Mitchell Luskin (University of Minnesota) Electronic properties of relaxed twisted bilayer graphene July 21, 2023 7 / 9



Moiré potential

Difficult part: simplifying interlayer terms using properties of momentum space
interlayer hopping ĥ to moiré potential
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Relevance to for twisted bilayer graphene

Given the estimated physical value of ĥp|κ|; ℓq, and θ near to the first magic angle,
does there exist a range of ϵ values, with ϵ ! 1, such that both conditions of our
theorem hold

|ĥp|K |; ℓq| � ϵ, θ À ϵ.

The interlayer hopping energy and monolayer graphene π-band energy scale is

ĥp|K |; Lq
|Γ| � 110 meV, ℏvD

a � 2.6 eV,

so
ĥp|κ|; ℓq � ĥp|K |; Lq

|Γ|
�ℏvD

a
� � 110 meV

2.6 eV � 0.042.

On the other hand, the first magic angle is at

θ � 1� � 0.017 radians.

Mitchell Luskin (University of Minnesota) Electronic properties of relaxed twisted bilayer graphene July 21, 2023 8 / 9



Relevance to strongly-correlated (many-body) electronic phases in TBG

Coulomb e-e interactions in hBN (which typically encapsulates TBG in experiments)
at the magic angle moiré scale has energy scale

e2

4πϵhBN
� a

θ

� � 23 meV,

where ϵhBN is the permittivity of hBN � 5ϵ0. The interlayer hopping energy 110
meV suggests that e-e interaction terms couple only states that are described
accurately by the BM model.

Coulomb e-e interactions do significantly affect the dynamics in TBG’s flat moiré
bands since their width can be as small as � 10 meV.

Similar considerations apply to lattice-mediated interactions between electrons,
which are characterized by a smaller energy scale � 1 meV .

Bistritzer-MacDonald dynamics in twisted bilayer graphene, Alexander B. Watson,
Tianyu Kong, Allan H. MacDonald, and Mitchell Luskin. J. Math. Phys, 64:031502
(38pp), 2023.
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