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Quantum Setup

Hilbert spaceℋ,• State (density matrix): 
ρ ∈ 𝒯(ℋ) s.t. ρ = ρ* ≥ 0 , tr ρ = 1

• Open Quantum Systems: 

Approx. evolution eq. for ρ ∈ 𝒯(ℋ)

Effect of Environment

⇝

• Evolution of states: 

{i ·ρ = [H, ρ]
ρ |t=0 = ρ0 ∈ 𝒯(ℋ) ρ(t) = e−itHρ0eitH ∈ 𝒯(ℋ)⇒
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Lindbladian Evolution

• Markovian approximation of Quantum Dynamics: 
·ρ = ℒ(ρ), ρ(0) = ρ0 a state: ρ0 ≥ 0, Trρ0 = 1.
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• CPTP norm continuous semigroup  (etℒ)t≥0
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Lindbladian Evolution

ℒ(ρ) = − i[H, ρ] + ∑
j

ΓjρΓ*j −
1
2

{Γ*j Γj, ρ}

H = H* ∈ ℬ(ℋ), Γj ∈ ℬ(ℋ)

s.t. ρ(t) = etℒρ0 is a state

dissipator 𝒟(ρ)

0 ∈ σ(ℒ) &

• Markovian approximation of Quantum Dynamics: 
·ρ = ℒ(ρ), ρ(0) = ρ0 a state: ρ0 ≥ 0, Trρ0 = 1.

• CPTP norm continuous semigroup  (etℒ)t≥0

Lindblad, Gorini, Kossakowski, Sudarshan, '76
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Quantum Engineering/Control

• Time dep. operators: 
[0,1] ∋ t ↦ H(t) = H(t)* ∈ ℬ(ℋ)

[0,1] ∋ t ↦ Γj(t) ∈ ℬ(ℋ)

smooth
(const. is OK)

ETH Zurich, 17-21/7/23



Quantum Engineering/Control

• Small dissipator: Coupling 0 ≤ g → 0

ℒ[g]
t ( ⋅ ) = − i[H(t), ⋅ ]+g∑

j

Γj(t) ⋅ Γ*j (t) −
1
2

{Γ*j (t)Γj(t), ⋅ }

≡ ℒ0
t ( ⋅ )+gℒ1

t ( ⋅ )

• Time dep. operators: 
[0,1] ∋ t ↦ H(t) = H(t)* ∈ ℬ(ℋ)
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smooth
(const. is OK)
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Quantum Engineering/Control

• Small dissipator: Coupling 0 ≤ g → 0

ℒ[g]
t ( ⋅ ) = − i[H(t), ⋅ ]+g∑

j

Γj(t) ⋅ Γ*j (t) −
1
2

{Γ*j (t)Γj(t), ⋅ }

≡ ℒ0
t ( ⋅ )+gℒ1

t ( ⋅ )

Time scale 1/ϵ → ∞• Adiabatic regime:

t ∈ [0,1]{ϵ ·ρ = ℒ[g]
t (ρ),

ρ |t=0 = ρ0 ∈ 𝒯(ℋ) as (ϵ, g) → (0,0)

• Time dep. operators: 
[0,1] ∋ t ↦ H(t) = H(t)* ∈ ℬ(ℋ)

[0,1] ∋ t ↦ Γj(t) ∈ ℬ(ℋ)

smooth
(const. is OK)
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{ϵ∂t𝒰(t, s) = (ℒ0
t +gℒ1

t )(𝒰(t, s)),
𝒰(s, s) = 𝕀 , 0 ≤ s ≤ t ≤ 1 s.t.

Time dep. Lindbladian Evol.

ρ(t) = 𝒰(t,0)(ρ0)

• Two-param. Evolution op.: as (ϵ, g) → (0,0)

𝒯(ℋ)𝒰(t, s) ∈ ℬ(ℬ(ℋ)) , contraction on
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{ϵ∂t𝒰(t, s) = (ℒ0
t +gℒ1

t )(𝒰(t, s)),
𝒰(s, s) = 𝕀 , 0 ≤ s ≤ t ≤ 1 s.t.

Time dep. Lindbladian Evol.

ρ(t) = 𝒰(t,0)(ρ0)

• Two-param. Evolution op.: as (ϵ, g) → (0,0)

• Simplified Spectral Assumptions: 

H(t) = ∑
1≤ j≤d

ej(t)Pj(t)

σ(H(t))

0 1

e1(t)
e2(t)
e3(t)

ed(t)

t

Unif. gap:

Pj(t) = P2
j (t) = P*j (t) spect. proj.

𝒯(ℋ)𝒰(t, s) ∈ ℬ(ℬ(ℋ)) , contraction on
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{ϵ∂t𝒰(t, s) = (ℒ0
t +gℒ1

t )(𝒰(t, s)),
𝒰(s, s) = 𝕀 , 0 ≤ s ≤ t ≤ 1 s.t.

Time dep. Lindbladian Evol.

ρ(t) = 𝒰(t,0)(ρ0)

• Two-param. Evolution op.: as (ϵ, g) → (0,0)

• Simplified Spectral Assumptions: 

H(t) = ∑
1≤ j≤d

ej(t)Pj(t)

σ(H(t))

0 1

e1(t)
e2(t)
e3(t)

ed(t)

t

Unif. gap:

Pj(t) = P2
j (t) = P*j (t) spect. proj.

{ ∂tW(t, s) = ∑l P′ l(t)Pl(t)W(t, s),
W(s, s) = 𝕀 , 0 ≤ s, t ≤ 1

s.t. W(t,0)Pl(0) = Pl(t)W(t,0) ∀l

• Kato  Operator: 

𝒯(ℋ)𝒰(t, s) ∈ ℬ(ℬ(ℋ)) , contraction on
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Transition probabilities

Let ρ(t) = 𝒰(t,0)(ρj)ρj = Pj(0)ρjPj(0) be a state and

tr (Pk(t)𝒰(t,0)(ρj)) (ϵ, g) → (0,0) ,as for k ≠ jdetermine

• Typical Question: 
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Transition probabilities

• Unperturbed Case: g = 0
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Transition probabilities

• Unperturbed Case: g = 0

{ϵ∂t𝒰0(t, s) = − i[H(t), 𝒰0(t, s)],
𝒰0(s, s) = 𝕀 , 0 ≤ s ≤ t ≤ 1

"Adiabatic Thm of QM"

Let ρ(t) = 𝒰(t,0)(ρj)ρj = Pj(0)ρjPj(0) be a state and

tr (Pk(t)𝒰(t,0)(ρj)) (ϵ, g) → (0,0) ,as for k ≠ jdetermine

• Typical Question: 

tr (Pk(t)𝒰0(t,0)(ρj)) = ϵ2tr (
Pk(t)P′ k(t)ρ̃j(t)P′ k(t)Pk(t)

(ej(t) − ek(t))2 ) + O(ϵ3)

ρ̃j(t) = W(t,0)ρjW(0,t) ≡ Pj(t)ρ̃j(t)Pj(t)

Kato '50
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Perturbative Regime
Thm: g ≪ ϵ ≪ 1if ρj = Pj(0)ρjPj(0)for a state

g

ϵ

ϵ
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Perturbative Regime
Thm:

tr (Pk(t)𝒰(t,0)(ρj)) = ϵ2tr (
Pk(t)P′ k(t)ρ̃j(t)P′ k(t)Pk(t)

(ej(t) − ek(t))2 )
+g/ϵ∑

l
∫

t

0
tr (Pk(s)Γl(s)ρ̃j(s)Γ*l (s)Pk(s)) ds + O (ϵ3+g+(g/ϵ)2)

g ≪ ϵ ≪ 1if ρj = Pj(0)ρjPj(0)for a state
g

ϵ

ϵ
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Perturbative Regime
Thm:

tr (Pk(t)𝒰(t,0)(ρj)) = ϵ2tr (
Pk(t)P′ k(t)ρ̃j(t)P′ k(t)Pk(t)

(ej(t) − ek(t))2 )
+g/ϵ∑

l
∫

t

0
tr (Pk(s)Γl(s)ρ̃j(s)Γ*l (s)Pk(s)) ds + O (ϵ3+g+(g/ϵ)2)

g ≪ ϵ ≪ 1if ρj = Pj(0)ρjPj(0)for a state

O(ϵ2) ,

Remarks: 
both terms are O(ϵ3)with errorg = ϵ3 :•  

ϵ3
g

ϵ

ϵ
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Perturbative Regime
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Slow Drive Regime
•  ϵ ≪ g ≪ 1 g

ϵ

ϵ
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Slow Drive Regime
•  ϵ ≪ g ≪ 1

Hyp1:
σ(H(t)) simple, distinct Bohr freq. {ej(t) − ek(t)}j≠k

g

ϵ

ϵ
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Slow Drive Regime
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Hyp1:
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Slow Drive Regime
•  ϵ ≪ g ≪ 1

Hyp1:
σ(H(t)) simple, distinct Bohr freq. {ej(t) − ek(t)}j≠k

Ker ℒ0
t ( ⋅ ) = Ker [H(t), ⋅ ] = Span {Pj(t), 1 ≤ j ≤ d}

spect. proj. onto Ker ℒ0
t ⊂ ℬ(ℋ)Let 𝒫0(t) : ℬ(ℋ) → ℬ(ℋ)

𝒫0(t)(A) = ∑
1≤ j≤d

Pj(t)APj(t)

{∂t𝒲0(t, s) = [𝒫′ 0(t), 𝒫0(t)]𝒲0(t, s),
𝒲0(s, s) = 𝕀 , 0 ≤ s, t ≤ 1 s.t. 𝒲0(t,0)𝒫0(0) = 𝒫0(t)𝒲0(t,0)

• Kato  Operator: on ℬ(ℋ)

g

ϵ

ϵ

ETH Zurich, 17-21/7/23



0

i(ej(t) − ek(t))

σ(ℒ0
t )

Slow Drive Regime
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0

i(ej(t) − ek(t))

σ(ℒ0
t )• Perturbation by gℒ1

t σ(ℒ[g]
t )

Slow Drive Regime
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0

i(ej(t) − ek(t))

σ(ℒ0
t )• Perturbation by gℒ1

t σ(ℒ[g]
t )

Slow Drive Regime
0 ∈ σ(ℒ0

t )

ℒ̃1
t := 𝒫0(t)ℒ1

t 𝒫0(t)governed by

of
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0

i(ej(t) − ek(t))

σ(ℒ0
t )• Perturbation by gℒ1

t σ(ℒ[g]
t )

Hyp2:
σ(ℒ̃1

t |Kerℒ0
t
)

maximal splitting
∀t ∈ [0,1]is simple

Slow Drive Regime
0 ∈ σ(ℒ0

t )

ℒ̃1
t := 𝒫0(t)ℒ1

t 𝒫0(t)governed by

of
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Slow Drive Regime

ν̃0(t) = 𝒫0(t)ν̃0(t) ∈ ℬ(ℋ) s.t. ℒ̃1
t (ν̃0(t)) = 0state∃!

0 ∈ σ(ℒ0
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t 𝒫0(t)governed by
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i(ej(t) − ek(t))

σ(ℒ0
t )• Perturbation by gℒ1

t σ(ℒ[g]
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Hyp2:
σ(ℒ̃1

t |Kerℒ0
t
)

maximal splitting
∀t ∈ [0,1]is simple

Slow Drive Regime

ν̃0(t) = 𝒫0(t)ν̃0(t) ∈ ℬ(ℋ) s.t. ℒ̃1
t (ν̃0(t)) = 0state∃!

Thm: 

tr (Pk(t)𝒰(t,0)(Pj(0))) = tr (Pk(t)ν̃0(t)) + O(g2/ϵ + ϵ/g)

ϵ1/2
g

ϵ

ϵ
ϵ ≪ g ≪ ϵ1/2 ρj = Pj(0)andif then

0 ∈ σ(ℒ0
t )

ℒ̃1
t := 𝒫0(t)ℒ1

t 𝒫0(t)governed by

of
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i(ej(t) − ek(t))

σ(ℒ0
t )• Perturbation by gℒ1

t σ(ℒ[g]
t )

Hyp2:
σ(ℒ̃1

t |Kerℒ0
t
)

maximal splitting
∀t ∈ [0,1]is simple

Slow Drive Regime

ν̃0(t) = 𝒫0(t)ν̃0(t) ∈ ℬ(ℋ) s.t. ℒ̃1
t (ν̃0(t)) = 0state∃!

Thm: 

tr (Pk(t)𝒰(t,0)(Pj(0))) = tr (Pk(t)ν̃0(t)) + O(g2/ϵ + ϵ/g)

ϵ1/2
g

ϵ

ϵ
ϵ ≪ g ≪ ϵ1/2 ρj = Pj(0)andif then

0 ∈ σ(ℒ0
t )

ℒ̃1
t := 𝒫0(t)ℒ1

t 𝒫0(t)governed by

of
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Transition Regime
•  g ≪ ϵ1/2 ≪ 1

ϵ1/2

ϵg

ϵ
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Transition Regime
•  g ≪ ϵ1/2 ≪ 1 ℒ̃1

t := 𝒫0(t)ℒ1
t 𝒫0(t)Recall

Define the Reduced Dynamics: Ψδ(t, s) ∈ ℬ(ℬ(ℋ))

ϵ1/2

ϵg

ϵ
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Transition Regime
•  g ≪ ϵ1/2 ≪ 1 ℒ̃1

t := 𝒫0(t)ℒ1
t 𝒫0(t)Recall

Define the Reduced Dynamics: Ψδ(t, s) ∈ ℬ(ℬ(ℋ))

{δ∂tΨδ(t, s) = 𝒲0(0,t)ℒ̃1
t 𝒲0(t,0)Ψδ(t, s),

Ψδ(s, s) = 𝕀 , 0 ≤ s ≤ t ≤ 1 δ > 0where

ϵ1/2

ϵg

ϵ
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Transition Regime
•  g ≪ ϵ1/2 ≪ 1 ℒ̃1

t := 𝒫0(t)ℒ1
t 𝒫0(t)Recall

Define the Reduced Dynamics: Ψδ(t, s) ∈ ℬ(ℬ(ℋ))

{δ∂tΨδ(t, s) = 𝒲0(0,t)ℒ̃1
t 𝒲0(t,0)Ψδ(t, s),

Ψδ(s, s) = 𝕀 , 0 ≤ s ≤ t ≤ 1 δ > 0where

Prop: [Ψδ(t, s), 𝒫0(0)] ≡ 0 ,
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ϵ
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Transition Regime
•  g ≪ ϵ1/2 ≪ 1 ℒ̃1

t := 𝒫0(t)ℒ1
t 𝒫0(t)Recall

Define the Reduced Dynamics: Ψδ(t, s) ∈ ℬ(ℬ(ℋ))

{δ∂tΨδ(t, s) = 𝒲0(0,t)ℒ̃1
t 𝒲0(t,0)Ψδ(t, s),

Ψδ(s, s) = 𝕀 , 0 ≤ s ≤ t ≤ 1 δ > 0where

Prop: [Ψδ(t, s), 𝒫0(0)] ≡ 0 ,

ϵ1/2

ϵg

ϵ

Ψδ(t,0) |𝒫0(0)ℬ(ℋ) is CPTP
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Transition Regime
•  g ≪ ϵ1/2 ≪ 1 ℒ̃1

t := 𝒫0(t)ℒ1
t 𝒫0(t)Recall

Define the Reduced Dynamics: Ψδ(t, s) ∈ ℬ(ℬ(ℋ))

{δ∂tΨδ(t, s) = 𝒲0(0,t)ℒ̃1
t 𝒲0(t,0)Ψδ(t, s),

Ψδ(s, s) = 𝕀 , 0 ≤ s ≤ t ≤ 1 δ > 0where

Prop: [Ψδ(t, s), 𝒫0(0)] ≡ 0 ,

ϵ1/2

ϵg

ϵ

𝒰(t,0)𝒫0(0) = 𝒲0(t,0)Ψϵ/g(t,0)𝒫0(0) + O(ϵ + g+g2/ϵ)

Thm: g ≪ ϵ1/2 ≪ 1if

dim Pj(t) arbitraryRem: 

Ψδ(t,0) |𝒫0(0)ℬ(ℋ) is CPTP
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Transition Regime

tr (Pk(t)𝒰(t,0)(ρj)) = tr (Pk(0)Ψϵ/g(t,0)(ρj)) + O(ϵ + g+g2/ϵ)

forThm: ρj = Pj(0)ρjPj(0) a stateg ≪ ϵ1/2 ≪ 1if
ϵ1/2

ϵg

ϵ
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Transition Regime

tr (Pk(t)𝒰(t,0)(ρj)) = tr (Pk(0)Ψϵ/g(t,0)(ρj)) + O(ϵ + g+g2/ϵ)

forThm: ρj = Pj(0)ρjPj(0) a stateg ≪ ϵ1/2 ≪ 1if
ϵ1/2

ϵg

ϵ

Ψϵ/g(t,0) = Ψ1(t,0)

Remarks: 
g = ϵ :•  s.t. 

tr (Pk(t)𝒰(t,0)(ρj)) = tr (Pk(0)Ψ1(t,0)(ρj)) + O(ϵ)

ϵ1/2

ϵg

ϵ
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Transition Regime

tr (Pk(t)𝒰(t,0)(ρj)) = tr (Pk(0)Ψϵ/g(t,0)(ρj)) + O(ϵ + g+g2/ϵ)

forThm: ρj = Pj(0)ρjPj(0) a stateg ≪ ϵ1/2 ≪ 1if
ϵ1/2

ϵg

ϵ

Ψϵ/g(t,0) = Ψ1(t,0)

Remarks: 
g = ϵ :•  s.t. 

tr (Pk(t)𝒰(t,0)(ρj)) = tr (Pk(0)Ψ1(t,0)(ρj)) + O(ϵ)

ϵ1/2

ϵg

ϵ
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“recovers”Ψϵ/g(t,0)
•  

ϵ ≪ g ≪ ϵ1/2

g ≪ ϵ ≪ 1

slow drive
perturbative{

{

regimes 

• Natural Markov Process: 
ℙ(Xt = k |X0 = j) = tr(Pk(0)Ψϵ/g(t,0)(Pj(0)))

Dim Pj(t) ≡ 1if



Methods of proofs

• Approximation of the evolution op. 𝒰(t, s)

{ϵ∂t𝒰(t, s) = (ℒ0
t +gℒ1

t )(𝒰(t, s)),
𝒰(s, s) = 𝕀 , 0 ≤ s ≤ t ≤ 1

(ϵ, g) → (0,0)
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Methods of proofs

• Integration by parts in the slow drive regime   ϵ ≪ g ≪ 1

• Dyson series in the perturbative regime g ≪ ϵ ≪ 1

• Approximation of the evolution op. 𝒰(t, s)
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Methods of proofs

• Integration by parts in the slow drive regime   ϵ ≪ g ≪ 1

• Dyson series in the perturbative regime g ≪ ϵ ≪ 1

• Perturbation theory in the transition regime   g ≪ ϵ1/2

• Approximation of the evolution op. 𝒰(t, s)

{ϵ∂t𝒰(t, s) = (ℒ0
t +gℒ1

t )(𝒰(t, s)),
𝒰(s, s) = 𝕀 , 0 ≤ s ≤ t ≤ 1

(ϵ, g) → (0,0)
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Benoist-Fraas-Jaksic-Pillet '17, J.-Merkli-Spehner '20, 

Jaksic-Pillet-Tauber ‘22, J.-Merkli '23,...
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More on Reduced Dynamics 
Recall: Ψδ(t, s) ∈ ℬ(ℬ(ℋ)), δ > 0

{δ∂tΨδ(t, s) = 𝒲0(0,t)ℒ̃1
t 𝒲0(t,0)Ψδ(t, s),

Ψδ(s, s) = 𝕀 , 0 ≤ s ≤ t ≤ 1
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More on Reduced Dynamics 
Recall: Ψδ(t, s) ∈ ℬ(ℬ(ℋ)), δ > 0

{δ∂tΨδ(t, s) = 𝒲0(0,t)ℒ̃1
t 𝒲0(t,0)Ψδ(t, s),

Ψδ(s, s) = 𝕀 , 0 ≤ s ≤ t ≤ 1

ℒ̃1
t := 𝒫0(t)ℒ1

t 𝒫0(t),where

ℒ[g]
t ( ⋅ ) = − i[H(t), ⋅ ]+g∑

j

Γj(t) ⋅ Γ*j (t) −
1
2

{Γ*j (t)Γj(t), ⋅ }

≡ ℒ0
t ( ⋅ )+gℒ1

t ( ⋅ )

𝒫0(0) kerℒ0
0proj. onto
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More on Reduced Dynamics 
Recall: Ψδ(t, s) ∈ ℬ(ℬ(ℋ)), δ > 0

{δ∂tΨδ(t, s) = 𝒲0(0,t)ℒ̃1
t 𝒲0(t,0)Ψδ(t, s),

Ψδ(s, s) = 𝕀 , 0 ≤ s ≤ t ≤ 1

• Generator: 𝒢t := 𝒲0(0,t)𝒫0(t)ℒ1
t 𝒫0(t)𝒲0(t,0)

where
{P1(0), P2(0), …, Pd(0)} basis of 𝒫0(0) ℬ(ℋ)

Pj(t) = |φj(t)⟩⟨φj(t) | H(t)φj(t) = ej(t)φj(t)s.t.

ℒ̃1
t := 𝒫0(t)ℒ1

t 𝒫0(t),where

ℒ[g]
t ( ⋅ ) = − i[H(t), ⋅ ]+g∑

j

Γj(t) ⋅ Γ*j (t) −
1
2

{Γ*j (t)Γj(t), ⋅ }

≡ ℒ0
t ( ⋅ )+gℒ1

t ( ⋅ )

𝒫0(0) kerℒ0
0proj. onto
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Classical Markov Process

∑
l

|⟨φ1 |Γlφ1⟩ |2 − ∥Γlφ1∥2 |⟨φ1 |Γlφ2⟩ |2 |⟨φ1 |Γlφd⟩ |2

|⟨φ2 |Γlφ1⟩ |2 |⟨φ2 |Γlφ2⟩ |2 − ∥Γlφ2∥2 |⟨φ2 |Γlφd⟩ |2

⋱
|⟨φd |Γlφ1⟩ |2 |⟨φd |Γlφ2⟩ |2 |⟨φd |Γlφd⟩ |2 − ∥Γlφd∥2

Lemma: in this basis 𝒢t is (the transp. of) a Q-matrix 
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Classical Markov Process

Ψδ(t,0) |Span{P1(0),…,Pd(0)} transp. of a stochastic matrix

Corollary: 

∑
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Lemma: in this basis 𝒢t is (the transp. of) a Q-matrix 
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Classical Markov Process

Ψδ(t,0) |Span{P1(0),…,Pd(0)} transp. of a stochastic matrix

Corollary: 

ℙ(Xt = k |X0 = j) = tr(Pk(0)Ψδ(t,0)(Pj(0)))
on classical state space {P1(0), ⋯, Pd(0)} ≡ {1,2,…, d}

• Cont. Markov Process:

(Xt)t≥0

s.t.

∑
l

|⟨φ1 |Γlφ1⟩ |2 − ∥Γlφ1∥2 |⟨φ1 |Γlφ2⟩ |2 |⟨φ1 |Γlφd⟩ |2

|⟨φ2 |Γlφ1⟩ |2 |⟨φ2 |Γlφ2⟩ |2 − ∥Γlφ2∥2 |⟨φ2 |Γlφd⟩ |2

⋱
|⟨φd |Γlφ1⟩ |2 |⟨φd |Γlφ2⟩ |2 |⟨φd |Γlφd⟩ |2 − ∥Γlφd∥2

Lemma: in this basis 𝒢t is (the transp. of) a Q-matrix 
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Example for d = 2

∑
l

|⟨φ1(t) |Γl(t)φ2(t)⟩ |2 = ∑
l

|⟨φ2(t) |Γl(t)φ1(t)⟩ |2Assume
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:= γ(t)
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|⟨φ2(t) |Γl(t)φ1(t)⟩ |2Assume
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1
2 (1 1

1 1) +
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2 ( 1 −1
−1 1 )
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Example for d = 2

∑
l

|⟨φ1(t) |Γl(t)φ2(t)⟩ |2 = ∑
l

|⟨φ2(t) |Γl(t)φ1(t)⟩ |2Assume

Ψδ(t,0) |Span{P1(0),P2(0)} =
1
2 (1 1

1 1) +
e− 2

δ ∫t
0 γ(s)ds

2 ( 1 −1
−1 1 )

For ρ0 = P1(0)

𝒰(t,0)(P1(0)) = r1(t)P1(t) + r2(t)P2(t) + O(ϵ + g+g2/ϵ)

where r1(t) = (1 + e− 2g
ϵ ∫t

0 γ(s)ds)/2 ,

g ≪ ϵ1/2 ≪ 1if
r2(t) = (1 − e− 2g

ϵ ∫t
0 γ(s)ds)/2

δ∂tΨδ(t, s) = γ(t)(−1 1
1 −1) Ψδ(t, s)⇝

:= γ(t)
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Example for d = 2

∑
l

|⟨φ1(t) |Γl(t)φ2(t)⟩ |2 = ∑
l

|⟨φ2(t) |Γl(t)φ1(t)⟩ |2Assume

Ψδ(t,0) |Span{P1(0),P2(0)} =
1
2 (1 1

1 1) +
e− 2

δ ∫t
0 γ(s)ds

2 ( 1 −1
−1 1 )

For ρ0 = P1(0)

𝒰(t,0)(P1(0)) = r1(t)P1(t) + r2(t)P2(t) + O(ϵ + g+g2/ϵ)

where r1(t) = (1 + e− 2g
ϵ ∫t

0 γ(s)ds)/2 ,

g ≪ ϵ1/2 ≪ 1if
r2(t) = (1 − e− 2g

ϵ ∫t
0 γ(s)ds)/2

δ∂tΨδ(t, s) = γ(t)(−1 1
1 −1) Ψδ(t, s)⇝

:= γ(t)

𝒰(t,0)(P1(0)) =
P1(t)−g/ϵ ∫ t

0
γ(s)ds((P1(t) − P2(t)) + O(ϵ+g2/ϵ2), g ≪ ϵ

1
2 (P1(t) + P2(t)) + O(g2/ϵ2 + (ϵ/g)∞), ϵ ≪ g ≪ ϵ1/2

⇒
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