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IGST 2023

Bootstrapping  bulk locality
Nat Levine 

École Normale Supérieure

[Part I: 2305.07078] with Miguel Paulos



(Distant) Motivation: 
Integrable models on AdS2 ?

AdS2 
CFT∼BCFT 

R x R>0

  QFT on AdS2    C(F)T1


E.g:     Wilson line in                         Integrable boundary CFT2𝒩 = 4

[Drukker] [Giombi Komatsu] [Giombi Roiban Tseytlin] 
[Liendo Meneghelli Mitev] [Cavaglia Gromov Julius Preti] … 

`AdS2

AdS5

WL



AdS 
QFT

• Sine Gordon on AdS2 ?


• What is signature of integrability?


 (cf. factorized scattering)
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RAdS → ∞

S-matrix

discussed in [Antunes, Costa, Penedones, Sarlgrkar, van Rees] 

[Polchinski] 
… 

[Paulos, Penedones, Toledo, van Rees, Vieira] 
[Komatsu, Paulos, van Rees, Zhao] 

(Distant) Motivation: 
Integrable models on AdS2 ?



Integrable boundary correlators?

ϕ

ϕ ϕ

ϕ
2Δϕ + 2n + γn

2 particle only!

[Cordova He Paulos]

CFT1

Bootstrap

bootstrap fixes cΔ

Saturate bounds extremal functionals 
[El-Showk Paulos]

Proposal “minimal” exchanged spectrum

RAdS → ∞

F = ∑
Δ

cΔ GΔ



Setup: 
AdS bulk locality

AdSd+1 
QFT 

(local)

x

u
state      operator

H
D∼

CTd  Ψ

Ψ(x, u) = ∑
Δ

μΔ uΔ ĈΔ ⋅ OΔ(x)
Boundary Operator Expansion (BOE)

scalar primaries
“BOE  
coeffs"

OΔ λ123



Setup: 
AdS bulk locality

AdSd+1 
QFT 

(local)

x

u CTd  Ψ

Ψ(x, u) = ∑
Δ

μΔ uΔ ĈΔ ⋅ OΔ(x)
Boundary Operator Expansion (BOE)

scalar primaries
“BOE  
coeffs"

OΔ λ123

cf. smearing kernels  
[Bena] [Hamilton Kabat Lifschytz Lowe]

• Crossing

• Unitarity


• Bulk locality !

? conformal bootstrap 
[Rattazzi Rychkov Tonni Vichi] …



⟨Ψ |O1O2⟩ = PB∂
1 PB∂

2 F(z)

F(z) = ∑
Δ

μΔλ12
Δ G12

Δ (z)

   AdS  
‘form factors’

G12
Δ (z) = zΔ/2

2F1( 1
2 (Δ + Δ12),

1
2 (Δ − Δ12); Δ + 1− d

2 ; z)

z =
(x1 − x2)2u2

[(x − x1)2 + u2][(x − x2)2 + u2]

Ψ(x, u)

∑
Δ

μΔOΔ(x)

O1(x1)

O2(x2)

“Boundary 
blocks"

cross-ratio
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[Kabat Lifschytz]

F(z) = ∑
Δ

μΔλ12
Δ G12

Δ (z)Locality

= ∑
Δ

μΔλ12
Δ

Im
z≥1

F(z) = Im
z≥1 ∑

Δ

μΔλ12
Δ G12

Δ (z) = 0Locality bootstrap:

• Non-positive •Special case: BCFT



Result

∑
Δ

μΔλ12
Δ θ12

n (Δ) = 0 (n = 1, 2, …)

Complete set of sum rules for bulk locality 



Plan

1.   Sum rules


2.   Applications


3.   Flat space limit



Sum rules

Functionals

Im
z≥1

F(z) = 0

θn[F] := ∫
∞

1
dz fn(z) Im F(z) = 0

∑
Δ

(μλ)Δ θn(Δ) = 0 ( θn(Δ) ≡ θn[GΔ] )

 “complete set”

 of functions

fn

F(z) = ∑
Δ

(μλ)Δ GΔ(z)
“Swapping”BOE

Drop 1,2 indices 

from now on
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Local blocks Assume:  polynomial bdd


|F(z) | z→∞∼ |z |αF

Dispersion relation

F(z) = ∮z

dw
2πi ( z

w )
α̃+1 F(z)

z − w

z
w

naturally comes from assumptions on UV 
 [Meineri Penedones Spirig]

1
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Local blocks Assume:  polynomial bdd


|F(z) | z→∞∼ |z |αF

Dispersion relation

F(z) = ∮z

dw
2πi ( z

w )
α̃+1 F(z)

z − w

z
w

naturally comes from assumptions on UV 
 [Meineri Penedones Spirig]

1

= ∫
0

−∞

dw
π

zα̃

w(w − z)
Im[w−α̃F(w)]

α̃ > αF − 1
LOCALITY



Local blocks

F(z) = ∫
0

−∞

dw
π

zα̃+1

w(w − z)
Im [w−α̃F(w)]

Apply BOE

F(z) = ∑
Δ

(μλ)Δ GΔ(z) = ∑
Δ

(μλ)Δ ℒα̃
Δ(z) by swapping

ℒα̃
Δ(z) := ∫

0

−∞

dw
π

zα̃+1

w(w − z)
Im [w−α̃GΔ(w)]

Dispersion

conformal locality 

“Local block”

• Local:  Im
z≥1

ℒα̃
Δ(z) = 0 •  ℒα̃

Δ(z) z→0∼ GΔ(z) + O(zα̃+ϵ)

Locality



Functionals from local blocks

ℒα̃
Δ(z) = GΔ(z) − ∫

∞

1

dw
π ( z

w )
α̃+1 1

w − z
Im GΔ(w)Move contour

= GΔ(z) −
∞

∑
n=1

θα̃
n(Δ) G2α̃+2n(z)

∑
Δ

(μλ)Δ GΔ(z) = ∑
Δ

(μλ)Δ ℒα̃
Δ(z)

∑
Δ

(μλ)Δ θα̃
n(Δ) = 0

Locality



Subtleties

• Completeness:            Locality


• Swapping:     By dominated convergence

θα̃
n(Δ) = ∫

∞

1

dz
π

f α̃
n(z) Im GΔ(z) f α̃

n(z) = z−2−α̃ pα̃
n(1/z)

complete

 polynomials 

∑
Δ

(μλ)Δ θα̃
n(Δ) = 0

Poly bddness of 

 analytic and bad

F
fn



Duality to GFF solution
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Free scalar  in AdSΦ

⟨Φ2 |ϕ ϕ⟩ ∼
∞

∑
n=0

cn G2α̃+2n(z) α̃ = Δϕ

cn

c0
= − θα̃

n(2α̃)x

θα̃
m(2α̃ + 2n) = δmn , m, n ≥ 1

5 10 15 20

-0.4

-0.2

0.2

0.4

0.6

0.8

1.0

Δ

θ6(Δ)

θα̃
n : c0 θα̃

n(2α̃) + cn = 0



Applications
(i)  Perturbation theory  free scalars in AdS


+  interaction
Φ, Φ̃

Φ2Φ̃2
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⟨Φ̃2 |ϕ ϕ⟩ ∼
∞

∑
n=0

(cn G2Δ+2n + dn G2Δ̃+2n)

 fix one from the otherθn

Φ̃2



Applications
(ii)  Local blocks = Exchanges

⟨ΨΔ |ϕ1 ϕ2⟩ = cΔGΔ + ∑
n≥1

cnGΔ1+Δ2+2n = ℒα̃
Δ
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α̃ ∼ Δ1,2

θα̃
n(Δ) ∼

1

(Δ − 2α̃ − 2n) Γ(1 − α̃ − Δ
2 )

× (Δ → d − Δ)

5 10 15 20

-0.4

-0.2

0.2

0.4

0.6

0.8

1.0

Δ

θ6(Δ)



Applications
(iii)  Constraints on CFT from bulk locality

Fix , vary Ψ O1, O2

  Imz≥1 ∑
n

μn λ12
n G12

Δn
(z) = 0 ∀1,2

GFF example   
μn λ12

n

μ0 λ12
0

= − θ12
n (Δ0) ∀1,2

Eliminate  !μ   
λ12

n

λ12
0

=
θ12

n (Δ0)

θ ̂12
n (Δ0)

λ ̂12
n

λ ̂12
0

E.g. computed

λ(ϕ2)n (ϕ2)1 ϕ2

Ψ(x, u)

O1(x1)

O2(x2)



Flat space limit
1.  Rotate to Lorentz


2.   fixedRAdS → ∞ , m2 =
Δ(Δ − d)

R2

cf. [Paulos, Penedones, Toledo, van Rees, Vieira] …  
S-matrix

AdS form factor

F(z) = ⟨Ψ |O1O2⟩

Flat space form factor

ℱ(s) = ⟨0 |Ψ |k1, k2⟩

O1(x1)

O2(x2)

m1 ∼
Δ1

R

m2 ∼
Δ2

R

k2

k1

RAdS → ∞



Phase-shift formula

ℱ(s) = lim
R→∞ ∑

Δ>Δ1+Δ2

2e−i
π
2 (Δ−Δ1−Δ2) (μλ)Δ

(μλ)free
Δ

𝒩(Δ, s)

(s = (k1 + k2)2 > (m1 + m2)2 + iϵ)

In 2d : Watson’s equation

“Minimal” BOE spectrum {Δ} = {2Δϕ + 2n + γn}

⟹ ℱ(s + iϵ) = ℱ(s − iϵ) S(s + iϵ)



Interacting functionals
Towards integrability in AdS

Functionals      GFF solutiondual
cf. 1d crossing [Mazac, Paulos]

We can build interacting functionals dual to any “minimal” spectrum !

Dream:  interacting functionals for 1d crossing


Integrable theories on AdS2 ??

2 4 6 8 10 12 14

-10

-5

5

10

[Part II   23xx.xxxxx   NL, Paulos]

Δn = 2Δϕ + 2n + γn , γn
n→∞∼ n−ϵ



Future directions

Imz≥1F(z) ∼ q δ(z − 1) ∑
Δ

(μλ)Δ θn(Δ) = q an

• Part III:  Gauge/gravitational theories 

Specific non-locality from dressing 


• Bulk locality :  extra constraint on CFT


Flat space : “strong locality” constraint on S-matrix ?

Φqϕ̄−q Jμ

cf. [Behan, Di Pietro, Lauria, van Rees]  
for bulk free field
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• Combine with crossing in semi-definite way?


BCFT context?


Higher point functions 


• Constrain structure constants in 1d WL defect in  ?𝒩 = 4

Future directions
cf. [Meineri Penedones Spirig] 
for stress tensor
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• Combine with crossing in semi-definite way?


BCFT context?


Higher point functions 


• Constrain structure constants in 1d WL defect in  ?𝒩 = 4

Future directions
cf. [Meineri Penedones Spirig] 
for stress tensor

h a n k    y o u !


