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• Future directions



• Bootstrap approach : make focus on symmetries & self consistency 

• (S-matrix , Conformal, Matrix) Bootstrap 

• S-matrix Bootstrap = analyticity + unitarity +crossing+…  

• Integrable Bootstrap = S-matrix Bootstrap + Factorisation     Exact 
solution 

• Practically one have to solve a system of functional equations in the 
certain functional space. In general it is a non-convex problem.

!
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Neural Networks

• Usually we think about functions as elements of Hilbert space and make 
approximation by summation (fourier, orthogonal polynomials, etc): 

• Another idea : use composition instead of sum 

• Namely let’s consider the following map   
 
 
alternating affine transforms      and a certain nonlinear map(activation function) h 
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f = f1 + f2 + f3 + ...
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aout(ain) : Rn0 ! RnL+1
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a(0) = ain, a(L+1) = aout
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aout = AL+1 � h �AL � ... � h �A1 � ain

Popular activation functions h(x):
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relu(x) = max(0, x), swish(x) =
x

1 + e�x
, tanh(x), ...
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A(l)



Classical results Cybenko, 1989; Hornik et al., 1989, and their variations demonstrate that a 
neural network with fixed depth (one hidden layer is enough!) and width going to infinity 
can uniformly approximate any continuous function on a compact set, if the activation 
function is continuous and nonpolynomial. 

Many versions of the universal approximation theorem! 

Various functional spaces, classes of  
activation functions, depth vs width etc etc

2006.08859



Learning

• Neural network learns a target function       of the input data    by optimizing a 
cost function     which provides a measure of the discrepancy between the 
actual and desired properties of the function      . 

• The simplest example is a supervised learning  =  approximation to the given 
data                     : 
 
 
which can be done by minimising     w.r.t. weights and biases         :  
 
 
 
 
inputs and outputs can be whatever you want : values of Bessel functions,  
photos of cats and dogs, Calabi-Yau and their Hodge numbers etc
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f(x)
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D = {(x, y)}
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f (x) ⇡ y 8 (x, y) 2 D
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• In unsupervised learning, neural networks strive to satisfy a specific condition 
by minimizing the loss function encoding that condition.   
 
For example one can find approximate solution of ODE  
on the interval (-1,1) minimising the loss : 

• The fantastic success of NNs in real life! Maybe you've grown weary from the 
abundance of news surrounding its achievements or maybe you feel AI 
anxiety and can’t stop to read 

• Math and theoretical physics : 
 
- String Landscape and related Algebraic Geometry 
 
- nonlinear PDE, ODE, etc 
- some results in Conformal Bootstrap and Matrix Models 
- very few papers on classical integrability 
 
- and nothing so far about quantum integrability!
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y0(x) = y(x) cosx, y(0) = 1
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Y.-H. He ’17, Krefl, Seong ’17, Ruehle ’17, Carifio, Halverson, Krioukov, Nelson ’17 + hundreds others

Watch M.Douglas “How will we do mathematics in 2030?”

a lot of papers

Liu, Tegmark’21’22, Bondesan, Lamacraft ’19, Krippendorf, Lust, Syvaeri ‘21



Why do deep neural networks work?!

Choromanska, Henaff, Mathieu, Arous, LeCun ’15 analysed very 
simplifyied version of NN and using similarity to spherical spin 
glasses (Auffinger et all ’10) have shown the following structure 
of minima :

Auffinger, A., Ben Arous, G., and Cerny, 
J. ’10 used Random Matrices to analyse 
the distribution of critical points in spin 
glasses :

The similar picture people see from numerical analysis. 
Dauphin, Pascanu, Gulcehre, Cho, Ganguli, Bengio ’14 etc

Extensive work on new physically inspired algorithms for optimazation see e.g. 
last works on Energy-Conserving Descent (De Luca, E.Silverstein), Gatti (’22)’23

there is no good understanding but there is some intuition from toy models and experiments



Spin-chains. Ultra quick overview

• Hilbert space : 

• Hamiltonian :  

• Example: spin-1/2 XYZ magnet : 

• R-matrix operator : 

• Yang-Baxter equation : 

• Regularity : 

• Monodromy matrix : 

• Transfer matrix : 
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V = V1 ⌦ ...⌦ VL, Vi ⇠ V = Cd
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Rij(u) : Vi ⌦ Vj ! Vi ⌦ Vj
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Rij(u� v)Rik(u)Rjk(v) = Rjk(v)Rik(u)Rij(u� v)

<latexit sha1_base64="GYIbxxio4YDghuAshkG/S1TWs0M=">AAAB+XicbZDLSsNAFIZP6q3WW9Slm8Ei1E1JpKgboeDGZRV7gTaEyXTajp1MwsykUELfxI0LRdz6Ju58G6dpFtr6w8DHf87hnPmDmDOlHefbKqytb2xuFbdLO7t7+wf24VFLRYkktEkiHslOgBXlTNCmZprTTiwpDgNO28H4dl5vT6hULBKPehpTL8RDwQaMYG0s37Yf/JQ9zSrO+U0jI98uO1UnE1oFN4cy5Gr49levH5EkpEITjpXquk6svRRLzQins1IvUTTGZIyHtGtQ4JAqL80un6Ez4/TRIJLmCY0y9/dEikOlpmFgOkOsR2q5Njf/q3UTPbj2UibiRFNBFosGCUc6QvMYUJ9JSjSfGsBEMnMrIiMsMdEmrJIJwV3+8iq0LqruZbV2XyvXa3kcRTiBU6iAC1dQhztoQBMITOAZXuHNSq0X6936WLQWrHzmGP7I+vwBoFGS+g==</latexit>

Rij(0) = Pij

<latexit sha1_base64="xJ0vkWmXa1FhRbZbEl2kQU3rvKw=">AAACIXicbZDLSgMxFIYz9VbrbdSlm2ARKmiZkaLdCAU3LlxU6Q3aMpxJ0zY0cyHJCGXoq7jxVdy4UKQ78WXMTGeh1QOBL/+fk+T8bsiZVJb1aeRWVtfWN/Kbha3tnd09c/+gJYNIENokAQ9ExwVJOfNpUzHFaScUFDyX07Y7uUn89iMVkgV+Q01D2vdg5LMhI6C05JjVngdqTIDHjZkDpej0Gj84MZzdzTQv6NxOuDcIlFx46d4xi1bZSgv/BTuDIsqq7phzfQWJPOorwkHKrm2Fqh+DUIxwOiv0IklDIBMY0a5GHzwq+3E64QyfaGWAh4HQy1c4VX92xOBJOfVcfTKZRy57ifif143UsNqPmR9Givpk8dAw4lgFOIkLD5igRPGpBiCC6b9iMgYBROlQCzoEe3nkv9C6KNuX5cp9pVirZHHk0RE6RiVkoytUQ7eojpqIoCf0gt7Qu/FsvBofxnxxNGdkPYfoVxlf3xixoYw=</latexit>

Ta(u) = Ra,L(u)Ra,L�1(u) . . . Ra,1(u)

<latexit sha1_base64="QegpDROSGVmpxm4zNvVAm2FhwO4=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1VoNyWRom6EghuXFfqCNoTJdNIOnUnCPIQS+gNu/BU3LhRx696df+Mk7UJbDwyce869zL0nSBiVynG+rcLa+sbmVnG7tLO7t39gHx51ZKwFJm0cs1j0AiQJoxFpK6oY6SWCIB4w0g0mt5nffSBC0jhqqWlCPI5GEQ0pRspIvn3WqujqzYAjNRY8VWLmo0peYcTSVlbpatW3y07NyQFXibsgZbBA07e/BsMYa04ihRmSsu86ifJSJBTFjMxKAy1JgvAEjUjf0AhxIr00v2YGz40yhGEszIsUzNXfEyniUk55YDqzReWyl4n/eX2twmsvpVGiFYnw/KNQM6himEUDh1QQrNjUEIQFNbtCPEYCYWUCLJkQ3OWTV0nnouZe1ur39XKjvoijCE7AKagAF1yBBrgDTdAGGDyCZ/AK3qwn68V6tz7mrQVrMXMM/sD6/AGk7ptB</latexit>

T (u) = tra(Ta(u))



•         relation : 

• Commutativity of transfer matrices : 

• Family of committing charges : 

• Hamiltonian density : 

• One can impose further restrictions on the level of R-matrix or Hamiltonian, 
such as unitarity                               , crossing, hermicity, symmetries etc. 

• Given a solution for the Yang-Baxter equation, one can generate a whole 
family of solutions by acting with the following transformations : 
 
-                                    ,                      : 
-  rescaling of spectral parameter                        :  
-  
-   

<latexit sha1_base64="zVMy+4lDqkAmSl3VPcB5UjPUaBE=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzeDRXBVEinqsuDGZZXeoA1lMp20QyeTMDMRSsjGV3HjQhG3PoY738ZJm4W2/jDw8Z9zmHN+P+ZMacf5tkpr6xubW+Xtys7u3v6BfXjUUVEiCW2TiEey52NFORO0rZnmtBdLikOf064/vc3r3UcqFYtES89i6oV4LFjACNbGGtonD4MQ6wnBPG1lv3BoV52aMxdaBbeAKhRqDu2vwSgiSUiFJhwr1XedWHsplpoRTrPKIFE0xmSKx7RvUOCQKi+dH5Chc+OMUBBJ84RGc/f3RIpDpWahbzrzFdVyLTf/q/UTHdx4KRNxoqkgi4+ChCMdoTwNNGKSEs1nBjCRzOyKyARLTLTJrGJCcJdPXoXOZc29qtXv69VGvYijDKdwBhfgwjU04A6a0AYCGTzDK7xZT9aL9W59LFpLVjFzDH9kff4AYVCW4g==</latexit>

RT T
<latexit sha1_base64="dsQE7zyqEngaxq+NTKTKBVdUyP0=">AAACQHicbVDLSsNAFJ34rPUVdekmWIR0YUlKUTdCwY3LKn1BG8JkOmmHTh7Mo1BCP82Nn+DOtRsXirh15aTNok29MHDmnHvu3DleTAkXlvWmbWxube/sFvaK+weHR8f6yWmbR5Ih3EIRjVjXgxxTEuKWIILibswwDDyKO974PtU7E8w4icKmmMbYCeAwJD5BUCjK1TtPbmJXZ6a8mpT7ARQjBGnSnLm2KVfuVXNSvssTecPSLFcvWRVrXsY6sDNQAlk1XP21P4iQDHAoEIWc92wrFk4CmSCI4lmxLzmOIRrDIe4pGMIAcyeZBzAzLhUzMPyIqRMKY84uOxIYcD4NPNWZrszzWkr+p/Wk8G+dhISxFDhEi4d8SQ0RGWmaxoAwjASdKgARI2pXA40gg0iozIsqBDv/5XXQrlbs60rtsVaq17I4CuAcXAAT2OAG1MEDaIAWQOAZvINP8KW9aB/at/azaN3QMs8ZWCnt9w+wfa6X</latexit>

R12(u� v)T1(u)T2(v) = T2(v)T1(u)R12(u� v)

<latexit sha1_base64="zoltdbU6skX74vf67bo7VpiYZ9I=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahBSmJFPUiFLx4rNAvSEPZbDft0s0m7m4KJfR3ePGgiFd/jDf/jds2B219MPB4b4aZeX7MmdK2/W3lNja3tnfyu4W9/YPDo+LxSVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/vh+7ncmVCoWiaaextQL8VCwgBGsjeS5zXJSuWyWJxXvzu4XS3bVXgCtEycjJcjQ6Be/eoOIJCEVmnCslOvYsfZSLDUjnM4KvUTRGJMxHlLXUIFDqrx0cfQMXRhlgIJImhIaLdTfEykOlZqGvukMsR6pVW8u/ue5iQ5uvZSJONFUkOWiIOFIR2ieABowSYnmU0MwkczcisgIS0y0yalgQnBWX14n7auqc12tPdZK9VoWRx7O4BzK4MAN1OEBGtACAk/wDK/wZk2sF+vd+li25qxs5hT+wPr8AVfZkH0=</latexit>

[T (u), T (v)] = 0

<latexit sha1_base64="4DCfqTDBXqtVq97o9U73dq+2/m0="></latexit>

log T (u) =
1X

n=0

Qn+1
un

n!
<latexit sha1_base64="ZzWn0aONPlUHDhdWV1Qq0aWphD0="></latexit>

Qn+1 =
dn

dun
log T (u)|u=0 =

dn�1

dun�1

✓
T�1(u)

d

du
T (u)

◆ �����
u=0

<latexit sha1_base64="HqbQC3XRvgyNCDhQ2cuYI9PiMkI="></latexit>

Hi,i+1 = R
�1
i,i+1(0)

d

du
Ri,i+1(u)|u=0 = Pi,i+1

d

du
Ri,i+1(u)|u=0

<latexit sha1_base64="r7JaXTKNcs/v6y4wiTJCkoV/Iv4=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYhHZhmSlF3QgFNy6r2Au0w5BJ0zY0kxlyEcowbnwVNy4UcetbuPNtTNtZaOsPgS//OYfk/EHMqFSO823lVlbX1jfym4Wt7Z3dPXv/oCUjLTBp4ohFohMgSRjlpKmoYqQTC4LCgJF2ML6e1tsPREga8Xs1iYkXoiGnA4qRMpZvH935iVtNS7psoOqmpTNdvhqaq28XnYozE1wGN4MiyNTw7a9eP8I6JFxhhqTsuk6svAQJRTEjaaGnJYkRHqMh6RrkKCTSS2YbpPDUOH04iIQ5XMGZ+3siQaGUkzAwnSFSI7lYm5r/1bpaDS69hPJYK8Lx/KGBZlBFcBoH7FNBsGITAwgLav4K8QgJhJUJrWBCcBdXXoZWteKeV2q3tWK9lsWRB8fgBJSACy5AHdyABmgCDB7BM3gFb9aT9WK9Wx/z1pyVzRyCP7I+fwBHbpTR</latexit>

R12(u)R21(�u) = g(u)

<latexit sha1_base64="KRp+AFj/AUEef0WT+ZG3MD8qqSo=">AAACJXicbVDLSgMxFM34rPU16tJNsAjtwjIjRV24KLhxZxX7gM5YMmnahmaSIckIZejPuPFX3LiwiODKXzGdzsK2Hgice8693NwTRIwq7Tjf1srq2vrGZm4rv72zu7dvHxw2lIglJnUsmJCtACnCKCd1TTUjrUgSFAaMNIPhzdRvPhOpqOCPehQRP0R9TnsUI22kjn1d9O5C0kee0DQkCs6qEnwoxiWYeU/JmTueb0ilUscuOGUnBVwmbkYKIEOtY0+8rsBxSLjGDCnVdp1I+wmSmmJGxnkvViRCeIj6pG0oR2ajn6RXjuGpUbqwJ6R5XMNU/TuRoFCpURiYzhDpgVr0puJ/XjvWvSs/oTyKNeF4tqgXM6gFnEYGu1QSrNnIEIQlNX+FeIAkwtoEmzchuIsnL5PGedm9KFfuK4VqJYsjB47BCSgCF1yCKrgFNVAHGLyAN/ABJtar9W59Wl+z1hUrmzkCc7B+fgHGPqOO</latexit>

(⌦⌦ ⌦)R(u)(⌦�1 ⌦ ⌦�1)
<latexit sha1_base64="ddfiVSmLM5m/1Ab5jdwXIoRhRiU=">AAAB+XicbVBNSwMxEM36WevXqkcvwSLUS9mVoh4rXrxZwX5AdynZdNqGJtklyRbK0n/ixYMiXv0n3vw3pu0etPXBwOO9GWbmRQln2njet7O2vrG5tV3YKe7u7R8cukfHTR2nikKDxjxW7Yho4ExCwzDDoZ0oICLi0IpGdzO/NQalWSyfzCSBUJCBZH1GibFS13WDBwEDEjCJb1NTbl503ZJX8ebAq8TPSQnlqHfdr6AX01SANJQTrTu+l5gwI8owymFaDFINCaEjMoCOpZII0GE2v3yKz63Sw/1Y2ZIGz9XfExkRWk9EZDsFMUO97M3E/7xOavo3YcZkkhqQdLGon3JsYjyLAfeYAmr4xBJCFbO3YjokilBjwyraEPzll1dJ87LiX1Wqj9VSrZrHUUCn6AyVkY+uUQ3dozpqIIrG6Bm9ojcnc16cd+dj0brm5DMn6A+czx8wb5Kv</latexit>

⌦ 2 Aut(V )
<latexit sha1_base64="1egq35YECbqry24zXGeiMIBUino="></latexit>

Qn ! (⌦L⌦)Qn(⌦L⌦�1)
<latexit sha1_base64="bpsCg62NPjFCXYWft5vqo7vE2Do=">AAACFXicbVDLSgMxFM3UV62vUZdugkVwUcqMFHVZ6MZlBfuAZiiZNG1DM5khD6UM/Qk3/oobF4q4Fdz5N2baWWjrgcDhnHvJuSdMOFPa876dwtr6xuZWcbu0s7u3f+AeHrVVbCShLRLzWHZDrChngrY005x2E0lxFHLaCSeNzO/cU6lYLO70NKFBhEeCDRnB2kp9t2KQZKOxxlLGD5CYCkQQDWOJOUcVSBATEEVYj8Mwbcz6btmrenPAVeLnpAxyNPvuFxrExERUaMKxUj3fS3SQYqkZ4XRWQkbRBJMJHtGepQJHVAXp/KoZPLPKANos9gkN5+rvjRRHSk2j0E5mCdWyl4n/eT2jh9dBykRiNBVk8dHQcKhjmFUEB0xSovnUEkwks1khGWOJibZFlmwJ/vLJq6R9UfUvq7XbWrley+soghNwCs6BD65AHdyAJmgBAh7BM3gFb86T8+K8Ox+L0YKT7xyDP3A+fwCpLZ53</latexit>

u ! cu, 8 c 2 C
<latexit sha1_base64="LT6WXzeGgJnl3N5+5y7SmzP8b54=">AAACGXicbVC7TsMwFHV4lvIKMLJYVEgsVAmqgLESC2Mr0YfUhMhxndaqY0e2A6qi/AYLv8LCAEKMMPE3OG0H2nIkS0fnnCvfe8KEUaUd58daWV1b39gsbZW3d3b39u2Dw7YSqcSkhQUTshsiRRjlpKWpZqSbSILikJFOOLop/M4DkYoKfqfHCfFjNOA0ohhpIwW248VID8Mwa+ZBxnNP0sFQIynFI8T3GT93czifCOyKU3UmgMvEnZEKmKER2F9eX+A0JlxjhpTquU6i/QxJTTEjedlLFUkQHqEB6RnKUUyUn00uy+GpUfowEtI8ruFE/TuRoVipcRyaZLGlWvQK8T+vl+ro2s8oT1JNOJ5+FKUMagGLmmCfSoI1GxuCsKRmV4iHSCKsTZllU4K7ePIyaV9U3ctqrVmr1GuzOkrgGJyAM+CCK1AHt6ABWgCDJ/AC3sC79Wy9Wh/W5zS6Ys1mjsAcrO9fMpqhoA==</latexit>

Qn ! cn�1Qn
<latexit sha1_base64="IhwmpiqbJnqFTWEl1Pjbig1UIvw=">AAACD3icbVBNS8MwGE7n15xfVY9egkPZQEYrQ70IAy8ep7gPWMtIs3QLS5uSpMoo+wde/CtePCji1as3/41p14NuPiHw5Hnelzfv40WMSmVZ30ZhaXllda24XtrY3NreMXf32pLHApMW5oyLrockYTQkLUUVI91IEBR4jHS88VXqd+6JkJSHd2oSETdAw5D6FCOlpb55fFuJq46gw5FCQvAH6Ot3qp1AJzt+xape2n2zbNWsDHCR2DkpgxzNvvnlDDiOAxIqzJCUPduKlJsgoShmZFpyYkkihMdoSHqahigg0k2yfabwSCsD6HOhb6hgpv7uSFAg5STwdGWA1EjOe6n4n9eLlX/hJjSMYkVCPBvkxwwqDtNw4IAKghWbaIKwoPqvEI+QQFjpCEs6BHt+5UXSPq3ZZ7X6Tb3cqOdxFMEBOAQVYINz0ADXoAlaAINH8AxewZvxZLwY78bHrLRg5D374A+Mzx/qQZlY</latexit>

R(u) ! f(u)R(u), f(0) = 1
<latexit sha1_base64="uomaopFSJTej1FMKM4pzw9ZZegY=">AAACA3icbVDLSgMxFL1TX7W+qu50EyxCBSkzUtRlwY3LsfQF7bRk0kwbmnmQZIQyFNz4K25cKOLWn3Dn35hpZ6HVAyGHc84luceNOJPKNL+M3Mrq2vpGfrOwtb2zu1fcP2jJMBaENknIQ9FxsaScBbSpmOK0EwmKfZfTtju5Sf32PRWShUFDTSPq+HgUMI8RrLQ0KB7Z9XJ8Zp/3UHr3G5rY9X4j1QbFklkx50B/iZWREmTQ+c/eMCSxTwNFOJaya5mRchIsFCOczgq9WNIIkwke0a6mAfapdJL5DjN0qpUh8kKhT6DQXP05kWBfyqnv6qSP1Vgue6n4n9eNlXftJCyIYkUDsnjIizlSIUoLQUMmKFF8qgkmgum/IjLGAhOlayvoEqzllf+S1kXFuqxU76qlWjWrIw/HcAJlsOAKanALNjSBwAM8wQu8Go/Gs/FmvC+iOSObOYRfMD6+AZXflOY=</latexit>

PR(u)P, R(u)T , PRT (u)P
<latexit sha1_base64="acYbvydlvoWr96QWtNaBG2Gpq8I=">AAACKHicbVDLSsNAFJ34rPUVdelmsAguSkmkqDsLbrqM0Bc0sUymk3boZBJmJkoJ/Rw3/oobEUW69UuctFn04RkGzj33Xu69x48ZlcqypsbG5tb2zm5hr7h/cHh0bJ6ctmSUCEyaOGKR6PhIEkY5aSqqGOnEgqDQZ6Ttjx6yfPuZCEkj3lDjmHghGnAaUIyUlnrmvSvoYKiQENELdPPnuCFSQ4xYWp845cXoqeGUl8KeWbIq1gxwndg5KYEcTs/8dPsRTkLCFWZIyq5txcpLkVAUMzIpuokkMcIjNCBdTTkKifTS2aETeKmVPgwioT9XcKYudqQolHIc+royW1Ku5jLxv1w3UcGdl1IeJ4pwPB8UJAyqCGauwT4VBCs21gRhQfWuEA+RQFhpb4vaBHv15HXSuq7YN5XqY7VUq+Z2FMA5uABXwAa3oAbqwAFNgMEreAdf4Nt4Mz6MH2M6L90w8p4zsATj9w9mSaYv</latexit>

! PHP, PH
TP,HT



There is no general way to solve YB

• There is no general way to find integrable Hamiltonian/solve YB.  Roughly 
speaking there are three approaches : 
 
     i.   assume an symmetry (Lie algebra, Yangian, etc) and use it  
     ii.  directly solve functional or related dif equation 

• iii. use boost operator                            to generate higher charges  
 
impose commutativity                   and solve the resulting algebraic eqns. 
 
 
De Leeuw, Pribytok, Ryan '19  classified all integrable 2d spin chains of 
difference form. They found 14 different classes in total, 8 of XYZ type and  6 
of non-XYZ type : 

<latexit sha1_base64="2qxVzZq72nwt+Oq9UfHpprZLi/Y=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiCWhIp6qZQdNNlBVsLTSw304kOnUzCzEQoId/hxl9x40IRd+LGv3HSZuHrwMDhnHu5c44fc6a0bX9aM7Nz8wuLpaXy8srq2nplY7OrokQS2iERj2TPB0U5E7Sjmea0F0sKoc/plT86z/2rOyoVi8SlHsfUC+FGsIAR0EYaVBw3BH1LgKdnWcNVSThIoXHoMhHocXadFgQDbhnjAPadbFCp2jV7AvyXOAWpogLtQeXdHUYkCanQhINSfceOtZeC1IxwmpXdRNEYyAhuaN9QASFVXjqJluFdowxxEEnzhMYT9ftGCqFS49A3k3kQ9dvLxf+8fqKDUy9lIk40FWR6KEg41hHOe8JDJinRfGwIEMnMXzG5BQlEmzbLpgTnd+S/pHtUc45r9Yt6tVkv6iihbbSD9pCDTlATtVAbdRBB9+gRPaMX68F6sl6tt+nojFXsbKEfsD6+AFcYoPw=</latexit>

B =
1X

a=�1
aHa,a+1

<latexit sha1_base64="ZT6uBcLecb+iMR28cGoBpy88hU8=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0UQKiWRom6EohuXLdgHpCFMptN26GQSZiZCCfkIN/6KGxeKuHXhzr9xkmahrQcuHM65l3vv8SNGpbKsb6O0srq2vlHerGxt7+zumfsHXRnGApMODlko+j6ShFFOOooqRvqRICjwGen509vM7z0QIWnI79UsIm6AxpyOKEZKS55ZGwRITXw/aadeImp2eu3kCkYsuUnPfrnC9cyqVbdywGViF6QKCrQ882swDHEcEK4wQ1I6thUpN0FCUcxIWhnEkkQIT9GYOJpyFBDpJvlTKTzRyhCOQqGLK5irvycSFEg5C3zdmR0pF71M/M9zYjW6chPKo1gRjueLRjGDKoRZQnBIBcGKzTRBWFB9K8QTJBBWOseKDsFefHmZdM/r9kW90W5Um40ijjI4AsfgFNjgEjTBHWiBDsDgETyDV/BmPBkvxrvxMW8tGcXMIfgD4/MHY0efAQ==</latexit>

Qr+1 = [B,Qr]

<latexit sha1_base64="i1H3SryoSX7q4EqZVZr2rXmEg78=">AAACBnicbVDLSsNAFL2pr1pfUZciDBbBhZREiroRCm5ctmAfkIYwmU7asZMHMxOhhK7c+CtuXCji1m9w5984abuorQcGzpxzL/fe4yecSWVZP0ZhZXVtfaO4Wdra3tndM/cPWjJOBaFNEvNYdHwsKWcRbSqmOO0kguLQ57TtD29zv/1IhWRxdK9GCXVD3I9YwAhWWvLMY6cbYjXw/awx9tj53OfBvbE8s2xVrAnQMrFnpAwz1D3zu9uLSRrSSBGOpXRsK1FuhoVihNNxqZtKmmAyxH3qaBrhkEo3m5wxRqda6aEgFvpFCk3U+Y4Mh1KOQl9X5mvKRS8X//OcVAXXbsaiJFU0ItNBQcqRilGeCeoxQYniI00wEUzvisgAC0yUTq6kQ7AXT14mrYuKfVmpNqrlWnUWRxGO4ATOwIYrqMEd1KEJBJ7gBd7g3Xg2Xo0P43NaWjBmPYfwB8bXLwyTmNA=</latexit>

[Qi,Qj ] = 0

<latexit sha1_base64="f8JdPIIFmapQqLemGSfrwem+v0g="></latexit>

HXYZ type =

0

BB@

a1 0 0 d1

0 b1 c1 0
0 c2 b2 0
d2 0 0 a2

1

CCA , Hnon�XYZ type =

0

BB@

a1 a2 a3 a4

0 b1 b3 b3

0 c1 c2 c3

0 0 0 d1

1

CCA

R.S.Vieira ‘17‘19

Watch Marius talk at LIJC for details

Drinfeld, Faddeev, 
Reshetikhin, Kulish,..

Marius de Leeuw et al   ’19‘20'20



Machine Learning the R-Matrix

• We restrict the spectral parameter  u  to the interval (-1,1) and approximate 
each of real and imaginary parts of           by NN with two hidden layers 
consisting of 50 neurons : 

• YB loss function : 
 
 
 
where                          and u and v run over 20000 random points in (-1,1) 

• Regularity : 
 
Hamiltonian :   
 
Hermicity : 

<latexit sha1_base64="VS4R2Wn2ydZahkvPE18fyU2qNZA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx4MVjFfsh7VKyabaNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8fXMbz9RpVkk780kpr7AQ8lCRrCx0sNdP2WP03Jy3i+W3Io7B1olXkZKkKHRL371BhFJBJWGcKx113Nj46dYGUY4nRZ6iaYxJmM8pF1LJRZU++n84Ck6s8oAhZGyJQ2aq78nUiy0nojAdgpsRnrZm4n/ed3EhFd+ymScGCrJYlGYcGQiNPseDZiixPCJJZgoZm9FZIQVJsZmVLAheMsvr5LWRcWrVaq31VK9msWRhxM4hTJ4cAl1uIEGNIGAgGd4hTdHOS/Ou/OxaM052cwx/IHz+QNUx5AR</latexit>

Rij(u)

<latexit sha1_base64="uk92QryRBeWRFJP7Pn4gs+udJt4="></latexit>

LY BE =
X

u,v2(�1,1)

||R12(u� v)R13(u)R23(v)�R23(v)R13(u)R12(u� v)||

<latexit sha1_base64="LkteKSirdwxdbcD5ljOC0KE+5Tc=">AAACIHicbZBNSwMxEIazflu/qh69BIvgQcpuEfUiKF48KlgtdGuZTVMbmmSXZFYou/0pXvwrXjwoojf9Naa1glpfCLw8M8Nk3iiRwqLvv3sTk1PTM7Nz84WFxaXlleLq2qWNU8N4lcUyNrUILJdC8yoKlLyWGA4qkvwq6p4M6le33FgR6wvsJbyh4EaLtmCADjWL+3l+nOeHhdCmKpRCCbTNLASZdGAnjDjCYdC/1jQ//qZD2M+bxZJf9oei4yYYmRIZ6axZfAtbMUsV18gkWFsP/AQbGRgUTPJ+IUwtT4B14YbXndWguG1kwwP7dMuRFm3Hxj2NdEh/TmSgrO2pyHUqwI79WxvA/2r1FNsHjUzoJEWu2deidiopxnSQFm0JwxnKnjPAjHB/pawDBhi6TAsuhODvyePmslIO9sq757ulo8oojjmyQTbJNgnIPjkip+SMVAkjd+SBPJFn79579F6816/WCW80s05+yfv4BOOOpAI=</latexit>

||A|| =
nX

↵,�=1

|A↵� |

<latexit sha1_base64="wvFiBm2l4FrbxdjXZfkyODWJcSs=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIeDLshqAiC4MWDhyhGA9kQZie9yZDZBzO9Qtjsv3jxV7x4UIIXD/6LkweixoKGoqqb7i4vlkKjbX9YM7Nz8wuLS8u5ldW19Y385tadjhLFocojGamaxzRIEUIVBUqoxQpY4Em497oXQ//+AZQWUXiLvRgaAWuHwhecoZGa+VM3YNjhTKZXWTNV0M7oGe336bd8k7kSfNy3XSXaHTygh5UcNej3m/mCXbRHoNPEmZACmaDSzA/cVsSTAELkkmldd+wYGylTKLiELOcmGmLGu6wNdUNDFoBupKMfM7pnlBb1I2UqRDpSf06kLNC6F3imc3i6/usNxf+8eoL+SSMVYZwghHy8yE8kxYgOA6MtoYCj7BnCuBLmVso7TDGOJtacCcH5+/I0uSsVnaNi+bpcOC9N4lgiO2SX7BOHHJNzckkqpEo4eSTP5JW8WU/WizWw3setM9ZkZpv8gvX5BRmPoy0=</latexit>

Lreg = ||R (0)� P ||

<latexit sha1_base64="DH/j6SS70+8TvdBBZfv0wDrREw0="></latexit>

LH = ||P d

du
R(u)|u=0 �H||

<latexit sha1_base64="hO+c0JK1h8CUE59cAK68DwayFu8="></latexit>

L† =
����H �H

†����



• Total loss function : 
 

• Activation function : 

• Optimization is done using  Adam :                            ,   

• Comparison of activation functions :

<latexit sha1_base64="dP+c5AEP3PfYtFSvG78tV+RFsz4=">AAACBHicbVDLSgNBEOz1GeNr1WMug0GIiGE3BPUiBLx4jGAekMQwO5lNhsw+mJlVkmUPXvwVLx4U8epHePNvnCR70MSChqKqm+4uJ+RMKsv6NpaWV1bX1jMb2c2t7Z1dc2+/LoNIEFojAQ9E08GScubTmmKK02YoKPYcThvO8GriN+6pkCzwb9UopB0P933mMoKVlrpmTj4wOSiMjy/brsAkHiexfULv4tNxknTNvFW0pkCLxE5JHlJUu+ZXuxeQyKO+IhxL2bKtUHViLBQjnCbZdiRpiMkQ92lLUx97VHbi6RMJOtJKD7mB0OUrNFV/T8TYk3LkObrTw2og572J+J/XipR70YmZH0aK+mS2yI04UgGaJIJ6TFCi+EgTTATTtyIywDoMpXPL6hDs+ZcXSb1UtM+K5ZtyvlJK48hADg6hADacQwWuoQo1IPAIz/AKb8aT8WK8Gx+z1iUjnTmAPzA+fwCZ6JgI</latexit>

swish(z) =
z

1 + e�z

<latexit sha1_base64="IAZxCnpt1iqti5k4gzOxa3NImtc=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBhYSkFLULoeDGZQX7gCaEyXTSDp1MwsxEKKEbN/6KGxeKuPUf3Pk3TtostPXAwLnn3Mude4KEUals+9sorayurW+UNytb2zu7e+b+QUfGqcCkjWMWi16AJGGUk7aiipFeIgiKAka6wfgm97sPREga83s1SYgXoSGnIcVIack3j92AKOQ717bVOIcunJe1vGw0fLNqW/YMcJk4BamCAi3f/HIHMU4jwhVmSMq+YyfKy5BQFDMyrbipJAnCYzQkfU05ioj0stkVU3iqlQEMY6EfV3Cm/p7IUCTlJAp0Z4TUSC56ufif109VeOVllCepIhzPF4UpgyqGeSRwQAXBik00QVhQ/VeIR0ggrHRwFR2Cs3jyMunULOfCqt/Vq81aEUcZHIETcAYccAma4Ba0QBtg8AiewSt4M56MF+Pd+Ji3loxi5hD8gfH5Aw4/la8=</latexit>

�1 = 0.9, �2 = 0.999
<latexit sha1_base64="4ch3k8ZDvHMt3Mswcv2W4dl1CAs=">AAACIHicbVDLSgNBEJz1bXxFPXoZDIKHuOzGYHIRAl48KhgjZGOYnXTM4OyDmV41LPspXvwVLx4U0Zt+jZO4BzUWDBRV1fR0+bEUGh3nw5qanpmdm19YLCwtr6yuFdc3znWUKA5NHslIXfhMgxQhNFGghItYAQt8CS3/+mjkt25AaRGFZziMoROwq1D0BWdopG6x5gEyekhd5zLd28/Ktm2Xx7yelalHPYQ7TG8FDqhGiLM86GbdYsmxnTHoJHFzUiI5TrrFd68X8SSAELlkWrddJ8ZOyhQKLiEreImGmPFrdgVtQ0MWgO6k4wMzumOUHu1HyrwQ6Vj9OZGyQOth4JtkwHCg/3oj8T+vnWC/3klFGCcIIf9e1E8kxYiO2qI9oYCjHBrCuBLmr5QPmGIcTacFU4L79+RJcl6x3QO7elotNSp5HQtki2yTXeKSGmmQY3JCmoSTe/JInsmL9WA9Wa/W23d0yspnNskvWJ9fF2af3Q==</latexit>

⌘ = 10�3, ..., 10�8, with step = 10�1

<latexit sha1_base64="1pIJF7rXwikV8kxexwiPrxNwnSQ="></latexit>

L = LY BE + Lreg + �HLH + �†L† + ...



Hermitian XYZ model
<latexit sha1_base64="MYV/Pxd4N2SSBPRkUVfy7oOI2fI="></latexit>

HXY Z(Jx, Jy, Jz) = JxS
x
1S

x
2 + JyS

y
1S

y
2 + JzS

z
1S

z
2 =

0

BB@

Jz 0 0 Jx � Jy

0 �Jz 2 0
0 2 �Jz 0

Jx � Jy 0 0 Jz

1

CCA

<latexit sha1_base64="natiS2qWygdlIZS5bDzJyhk64rM="></latexit>

R(u) =

0

BB@

a 0 0 d
0 b c 0
0 c b 0
d 0 0 a

1

CCA , where                                      are given in terms of  Jacobi elliptic functions

<latexit sha1_base64="gjt1GM7ex79Xy3hBNvoSOdT6shA="></latexit>

Jx = 1 +
p
m sn(2⌘|m)/2

Jy = 1�
p
m sn(2⌘|m)/2

<latexit sha1_base64="rEkBS89zu4ZC2v7SwsoIHljlgEk=">AAACEXicbZC7SgNBFIZn4y3GW9TSZjEIESTshqA2QsBGrCKYCyQhzE5OkiGzs8vMWTGueQUbX8XGQhFbOzvfxsmliIk/DPx85xzOnN8LBdfoOD9WYml5ZXUtuZ7a2Nza3knv7lV0ECkGZRaIQNU8qkFwCWXkKKAWKqC+J6Dq9S9H9eodKM0DeYuDEJo+7Ure4YyiQa109rr1cNFAuMeYyWE23wCkj/7xhLRnSCudcXLOWPaicacmQ6YqtdLfjXbAIh8kMkG1rrtOiM2YKuRMwDDViDSElPVpF+rGSuqDbsbji4b2kSFtuxMo8yTaYzo7EVNf64HvmU6fYk/P10bwv1o9ws55M+YyjBAkmyzqRMLGwB7FY7e5AoZiYAxlipu/2qxHFWVoQkyZENz5kxdNJZ9zT3OFm0KmeDKNI0kOyCHJEpeckSK5IiVSJow8kRfyRt6tZ+vV+rA+J60JazqzT/7I+voFi1qdZw==</latexit>

Jz = cn(2⌘|m)dn(2⌘|m)

<latexit sha1_base64="lcobApBl20IKQcOAx+jsS6LAg5Q=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEFzLOaKluCgU3LivYB3SGkkkzbWiSGZKMUIaCv+LGhSJu/Q53/o1pOwttPZcLh3PuJTcnTBhV2nW/rcLK6tr6RnGztLW9s7tn7x+0VJxKTJo4ZrHshEgRRgVpaqoZ6SSSIB4y0g5Ht1O//UikorF40OOEBBwNBI0oRtpIPfvIJxrV/IReXJ1D3xSvuU61Z5ddx50BLhMvJ2WQo9Gzv/x+jFNOhMYMKdX13EQHGZKaYkYmJT9VJEF4hAaka6hAnKggm50/gadG6cMolqaFhjP190aGuFJjHppJjvRQLXpT8T+vm+roJsioSFJNBJ4/FKUM6hhOs4B9KgnWbGwIwpKaWyEeIomwNomVTAje4peXSevS8apO5b5Srrt5HEVwDE7AGfDANaiDO9AATYBBBp7BK3iznqwX6936mI8WrHznEPyB9fkDxquTYA==</latexit>

⌘ = ⇡/3, m = 0.6

<latexit sha1_base64="iyUzzc4ykYJ2DDKh89kPXcH66zA=">AAACAnicbVDLSsNAFL3xWesr6krcDBahgpSkFHVZcOOygn1AG8pkMm2HTiZhZiKUUNz4K25cKOLWr3Dn3zhtstDWC8M5nHMvd+7xY86Udpxva2V1bX1js7BV3N7Z3du3Dw5bKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vbHNzO//UClYpG415OYeiEeCjZgBGsj9e1jXE7OL3rIz4BkEBjo2yWn4swLLRM3JyXIq9G3v3pBRJKQCk04VqrrOrH2Uiw1I5xOi71E0RiTMR7SrqECh1R56fyEKTozSoAGkTRPaDRXf0+kOFRqEvqmM8R6pBa9mfif10304NpLmYgTTQXJFg0SjnSEZnmggElKNJ8Ygolk5q+IjLDERJvUiiYEd/HkZdKqVtzLSu2uVqpX8zgKcAKnUAYXrqAOt9CAJhB4hGd4hTfryXqx3q2PrHXFymeO4E9Znz9xHJQ4</latexit>

a(u), b(u), c(u), d(u)



<latexit sha1_base64="fAIFv0juNEDIDwFrYpAKfO+6Lx4="></latexit>

Hclass�1 =

0

BB@

0 a1 a2 0
0 a5 0 a3

0 0 �a5 a4

0 0 0 0

1

CCA

<latexit sha1_base64="CWnzWrSBSfUU7tYxa2ofGuh/GWc=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9iNQb0IAS8eI5gHJMvSO5lNhsw+mJkVYsiXePGgiFc/xZt/4yTZgyYWNF1UdTM9FaSCK+0439ba+sbm1nZhp7i7t39Qsg+PWirJJGVNmohEdgJUTPCYNTXXgnVSyTAKBGsHo9uZ335kUvEkftDjlHkRDmIecoraSL5dQt8l6F/coF81vebbZafizEFWiZuTMuRo+PZXr5/QLGKxpgKV6rpOqr0JSs2pYNNiL1MsRTrCAesaGmPElDeZHz4lZ0bpkzCRpmJN5urvjQlGSo2jwExGqIdq2ZuJ/3ndTIfX3oTHaaZZTBcPhZkgOiGzFEifS0a1GBuCVHJzK6FDlEi1yapoQnCXv7xKWtWKe1mp3dfKdSePowAncArn4MIV1OEOGtAEChk8wyu8WU/Wi/VufSxG16x85xj+wPr8AUV+kX8=</latexit>a1a3 = a2a4

<latexit sha1_base64="mOKGAWm5ZqH2RYyB/414sRbVn48="></latexit>

Rclass�1(u) =

0

BBBB@

1 a1(e
a5u�1)
a5

a2(e
a5u�1)
a5

(a1a3+a2a4)
a2
5

(cosh (a5u)� 1)

0 0 e�a5u a4(1�e�a5u)
a5

0 ea5u 0 a3(1�e�a5u)
a5

0 0 0 1

1

CCCCA

<latexit sha1_base64="LVIkxCGipdnZr66jkbnJbVc4owA=">AAACGHicbZDLSsNAFIYn9VbjLerSTbAILiQmbeplUSi4cVnBXqAJYTKdtEMnF2YmQgl9DDe+ihsXirjtzrdxmmahrQcGPv7/HM6c308o4cI0v5XS2vrG5lZ5W93Z3ds/0A6POjxOGcJtFNOY9XzIMSURbgsiKO4lDMPQp7jrj+/mfvcJM07i6FFMEuyGcBiRgCAopORpl9CzGqZRdxwVelVJtZxqkm5zshtW4dalZntaxTTMvPRVsAqogKJanjZzBjFKQxwJRCHnfctMhJtBJgiieKo6KccJRGM4xH2JEQwxd7P8sKl+JpWBHsRMvkjoufp7IoMh55PQl50hFCO+7M3F/7x+KoIbNyNRkgococWiIKW6iPV5SvqAMIwEnUiAiBH5Vx2NIINIyCxVGYK1fPIqdKqGdWXYD3aleVHEUQYn4BScAwtcgya4By3QBgg8g1fwDj6UF+VN+VS+Fq0lpZg5Bn9Kmf0AXZiaTQ==</latexit>

a1 = 0.5

a2 = 0.3

a3 = 0.9

a4 = 1.5

a5 = 0.4

Similar                   precision for all 14 classes
<latexit sha1_base64="KM2oq5AaQZKktdiDspSgwZvp3Gs=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgwpZEi7osuHFZwT6gjWUynbZDJ5MwMxFqyJe4caGIWz/FnX/jNM1CWw9c7uGce5k7x484U9pxvq2V1bX1jc3CVnF7Z3evZO8ftFQYS0KbJOSh7PhYUc4EbWqmOe1EkuLA57TtT25mfvuRSsVCca+nEfUCPBJsyAjWRurbJdd5SCoXaSXrtbRvl52qkwEtEzcnZcjR6NtfvUFI4oAKTThWqus6kfYSLDUjnKbFXqxohMkEj2jXUIEDqrwkOzxFJ0YZoGEoTQmNMvX3RoIDpaaBbyYDrMdq0ZuJ/3ndWA+vvYSJKNZUkPlDw5gjHaJZCmjAJCWaTw3BRDJzKyJjLDHRJquiCcFd/PIyaZ1X3ctq7a5Wrp/lcRTgCI7hFFy4gjrcQgOaQCCGZ3iFN+vJerHerY/56IqV7xzCH1ifP2KPkZA=</latexit>

10�3 � 10�4

<latexit sha1_base64="ZzQh+84YB0vvBqQROVQ5NMHwbc8="></latexit>

L̃ =
||R12(u� v)R13(u)R23(v)�R23(v)R13(u)R12(u� v)||

||R12(u� v)R13(u)R23(v)||Without exact solution it is reasonable to  define normalised YB :

<latexit sha1_base64="RWhgKlWPqAMR9dsc01jXrOlPYPY=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBQym7UqrHgpceK9gPaJeSTbNtaJJdk2yhLP0TXjwo4tW/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5re2d3b38fuHg8Oj4pHh61tZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNwv/M6UKs0i+WhmMfUFHkkWMoKNlbqNQVqblr35oFhyK+4SaJN4GSlBhuag+NUfRiQRVBrCsdY9z42Nn2JlGOF0XugnmsaYTPCI9iyVWFDtp8t75+jKKkMURsqWNGip/p5IsdB6JgLbKbAZ63VvIf7n9RIT3vkpk3FiqCSrRWHCkYnQ4nk0ZIoSw2eWYKKYvRWRMVaYGBtRwYbgrb+8Sdo3Fa9WqT5US/VyFkceLuASrsGDW6hDA5rQAgIcnuEV3pwn58V5dz5WrTknmzmHP3A+fwA/Vo9l</latexit>

H6v,1
<latexit sha1_base64="i7z0DYgO0PLqMUxeh8bmB04SXHo=">AAACBXicbVDLSgMxFM34rPU16lIXwSK4qGVGSnVZcNNlBfuAzjBkMmkbmmSGJFMoQzdu/BU3LhRx6z+4829M21lo6wmBwzn3cu89YcKo0o7zba2tb2xubRd2irt7+weH9tFxW8WpxKSFYxbLbogUYVSQlqaakW4iCeIhI51wdDfzO2MiFY3Fg54kxOdoIGifYqSNFNhnjSCrjcvuFHrmiVhcUaE9GJF+LHlgl5yKMwdcJW5OSiBHM7C/vCjGKSdCY4aU6rlOov0MSU0xI9OilyqSIDxCA9IzVCBOlJ/Nr5jCC6NE0Mw1X2g4V393ZIgrNeGhqeRID9WyNxP/83qp7t/6GRVJqonAi0H9lEEdw1kkMKKSYM0mhiAsqdkV4iGSCGsTXNGE4C6fvEra1xW3VqneV0v1ch5HAZyCc3AJXHAD6qABmqAFMHgEz+AVvFlP1ov1bn0sStesvOcE/IH1+QNmgJcy</latexit>

H6v,1 non� int deform
<latexit sha1_base64="TEqoomHmC3a/jBwIAwaESwQIa2w=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSEx0CpBFTBWYulYJPqQmihyHLe16tiR7SBVUUcWfoWFAYRY+QQ2/gY3zQAtx7J0dM69vr4nTBhV2nG+rZXVtfWNzdJWeXtnd2/fPjjsKJFKTNpYMCF7IVKEUU7ammpGeokkKA4Z6Ybj25nffSBSUcHv9SQhfoyGnA4oRtpIgX3SDDLMkFLV+hR65nDBq5RrD0ZkIGQc2BWn5uSAy8QtSAUUaAX2lxcJnMaE6/zdvusk2s+Q1BQzMi17qSIJwmM0JH1DOYqJ8rN8kSk8M0oEzVxzuYa5+rsjQ7FSkzg0lTHSI7XozcT/vH6qBzd+RnmSasLxfNAgZVALOEsFRlQSrNnEEIQlNX+FeIQkwtpkVzYhuIsrL5POZc29qtXv6pXGRRFHCRyDU3AOXHANGqAJWqANMHgEz+AVvFlP1ov1bn3MS1esoucI/IH1+QMpJpi+</latexit>

Hclass�4 non� int deform
<latexit sha1_base64="WhU2Vl5tnmOF6yZSzN1OHnGX9GY=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBg5ZdKeqx4KXHCtYW2qVk02kbms0uSVYoS/+GFw+KePXPePPfmG73oK0PBh7vzSQzL4gF18Z1v53C2vrG5lZxu7Szu7d/UD48etRRohi2WCQi1QmoRsEltgw3AjuxQhoGAtvB5G7ut59QaR7JBzON0Q/pSPIhZ9RYqdfop0xQrS9rM9IvV9yqm4GsEi8nFcjR7Je/eoOIJSFKkz3S9dzY+ClVhjOBs1Iv0RhTNqEj7FoqaYjaT7OdZ+TMKgMyjJQtaUim/p5Iaaj1NAxsZ0jNWC97c/E/r5uY4a2fchknBiVbfDRMBDERmQdABlwhM2JqCWWK210JG1NFmbExlWwI3vLJq+TxqupdV2v3tUr9Io+jCCdwCufgwQ3UoQFNaAGDGJ7hFd6cxHlx3p2PRWvByWeO4Q+czx8+HZEb</latexit>

Hclass�4



Explorer

• In explorer mode we i) don’t provide a certain integrable Hamiltonian, instead we ask the NN 
to find an example of integrable model. It can be either general search without any 
restrictions at all or we can narrow the search to a certain class of hamiltonians imposing 
symmetry on the level of R-matrix or Hamiltonian, specifying ansatz etc. ii) Secondly we use 
warm-start initialisation and repulsion to find new integrable models in the vicinity of the 
already learnt one :   

• Explorer scheme :

<latexit sha1_base64="7/dPnNL07wYIxX6HgxgS8gwf5JU="></latexit>

Lrepulsion = exp (�||H �Ho||/�)



Toy model. 6-vertex

• Six-vertex models : 

• Explorer found 50 Hamiltonians and then clusterised in two families corresponding to two 
classes of six-vertex models :

<latexit sha1_base64="xUC+Bdyi0dSDbCRihoM9YvQtaiI="></latexit>

H6v =

0

BB@

a1 0 0 0
0 b1 c1 0
0 c2 b2 0
0 0 0 a2

1

CCA

<latexit sha1_base64="NvjPWaAQ08pNc/LOjI4OkcEttyg=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwISUppYogFNx0WcE+oAlhMp20QyeTMDMplNC1G3/FjQtF3PoF7vwbJ20W2nqYgcM593LvPX7MqFSW9W0U1tY3NreK26Wd3b39A/PwqCOjRGDSxhGLRM9HkjDKSVtRxUgvFgSFPiNdf3yX+d0JEZJG/EFNY+KGaMhpQDFSWvLM06aXOiFSIxGm9cns0p458AY6UD/k2bfIq3pm2apYc8BVYuekDHK0PPPLGUQ4CQlXmCEp+7YVKzdFQlHMyKzkJJLECI/RkPQ15Sgk0k3np8zguVYGMIiE/lzBufq7I0WhlNPQ15XZ1nLZy8T/vH6igms3pTxOFOF4MShIGFQRzHKBAyoIVmyqCcKC6l0hHiGBsNLplXQI9vLJq6RTrdj1Su2+Vm5U8ziK4AScgQtggyvQAE3QAm2AwSN4Bq/gzXgyXox342NRWjDynmPwB8bnDwrImIE=</latexit>

H6v,1 : a1 = a2
<latexit sha1_base64="f5STg43RBnWAHdDbTO73EFsOMwo=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VQlJKEUkUQCm66rGAf0IQwmU7aoZMHM5NCCfkGN/6KGxeKuHXlzr9x0mah1cMMczjnXube48WMCmkYX1ppZXVtfaO8Wdna3tnd0/cPuiJKOCYdHLGI9z0kCKMh6UgqGenHnKDAY6TnTW5zvzclXNAovJezmDgBGoXUpxhJJbn6WctN7QDJMQ/SxjS7sDIbXkMbqoNc8xy51o2nXs+1XL1q1Iw54F9iFqQKCrRd/dMeRjgJSCgxQ0IMTCOWToq4pJiRrGIngsQIT9CIDBQNUUCEk85XyuCJUobQj7i6oYRz9WdHigIhZoGnKvPpxbKXi/95g0T6V05KwziRJMSLj/yEQRnBPB84pJxgyWaKIMypmhXiMeIIS5ViRYVgLq/8l3Stmtmo1e/q1aZVxFEGR+AYnAITXIImaIE26AAMHsATeAGv2qP2rL1p74vSklb0HIJf0D6+AfRpmw0=</latexit>

H6v,2 : a1 + a2 = b1 + b2



First look into 3d

• We just started to ran random initialisations and see many potentially new integrable 
Hamiltonians with various number of vertices : 15, 20, 21, 24, 27, 33, 36, …  

• One of the very first runs and clusterisation for 21 and 36 vertex models : 

• Hopefully the first version of the map in a few weeks



Conclusions and future directions

• We built the NN which can i) find the numerical R-matrix for a given integrable spin chain of 
difference form and ii) search for new integrable Hamiltonians. 

• Carve out the map of all integrable spin-chains of difference form with three-dimensional site 
space.         in progress 

• R-matrices of nondifference form. Especially interesting that ones related to AdS/CFT.       
Also boundary YB, modifyed YB etc 

• Is it helpful for analytics? At least two strategies: 1) symbolic regression 2) use the learnt 
numerical solution to detect the symmetries and then use them to find analytical solution 

• “R-matrix Bootstrap” similarly to 2d S-matrix Bootstrap? Relax YB, use just unitarity, 
analyticity, hermicity, symmetries etc to find the solution?              in progress 

• Solve YB for S-matrices in 2d integrable QFTs.          in progress 

• NN as a tool to measure complexity of Hamiltonians? Landscape of complexity?

Thank you for your attention!


