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- Total momentum change: Apf =mAvf =—n* )" / dry

solve Euler-Lagrange

. Corrections to trajectories: = =t +ulita + Y G"6™ak(7,) < equations iteratively
n
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Loop integrals at 4PM

* Example integral family: cut linear propagators
D=4 — 2¢
600 (kq - 171)60®2) (kg - 11)6(@3) (k3 - ug) 1
I, . — [ dPkdPkydPk
1...a15 <$> / 1 2 3 (kl Uy — iO)a4 (k‘Q Uy — io)a5 (k3 CUp — Z‘O)aﬁ H3i7 Dzaz

{Dy,...,Di5} = {— k%, — k3, — k3, ui =u; =1,
— (k1 —q)?, = (k2—¢q)?  —(ks—q)% Uy -q=1uy-q=0
— (k1 —k2)?, — (k2 —k3)?, — (k1 —k3)*} Uy - Ug =y

- Treat cut propagators just as linear propagators
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- Treat cut propagators just as linear propagators

- Rationalize square-root: _— siilly @i vEEEE
1 5 1
725(1/x+£€), V=AY —125(1/517—37)
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[Kotikov, ‘91 / Remiddi, ‘97 /

Differential equations method o

* Integration-by-parts reduction to basis  res smimoy chukharev, 19/

LiteRed, Lee, 13]
1i11000010101110

f: : Lo ays — Z Ci(CE’ E)fz ret /adv = turn off symmetry detection
7
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Differential equations method o

* Integration-by-parts reduction to basis  res smimoy chukharev, 19/

LiteRed, Lee, 13]
IlllOOOOlOlOlllO

f: : Lo ays — Z Ci(ﬂ% E)fz ret /adv = turn off symmetry detection
7

1111000111111111

* Solve by transforming to canonical form: ®em 13

O f = Az, e)f g=1f 0,5 = € A(x)g

/ [Lee,’15]

rational _____—» [Libra, epsilon, Fuchsia, CANONICA]

Dyson series
G=Pe Jz, A@) dE Go(e) = [1 + e/ d:z:lfl(afl) + 62/ dxlfl(xl)/ dngl(.rg) + O(€)| gole)
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Elliptic integrals

* Polylogarithms for most sectors

1 1 1 . new at 4PM
az(CE)G {E’JI—].?ZE—Fl,]."_ZUQr
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Elliptic integrals

* Polylogarithms for most sectors 0,5 =cA(®)g, Alx)=Y Ma(x)

new at 4PM
1 1 1 T constant matrices
a; (.1’) cq —

xx—1"24+1" 1+ 22

— —

* Algorithms do not work for one sector .= A(z,e)f
> analyze e part:

Az, e) = AD(2) + AV (z) + O(€?), 8, T () = A© ()T (1)

\

remove with transformation
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APM 7
a.(x) c l 1 ! L new constant matrices
‘ v’ r—1 z+1 1+ 22
* Algorithms do not work for one sector 9.f= A(z,e)f
> analyze e’part: Orf=Alv,e)f —> /42 -1
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Elliptic integrals

* Polylogarithms for most sectors 0,5 =cA(®)g, Alx)=Y Ma(x)

constant matrices

* Algorithms do not work for one sector

. 6x 1 — 422 + 724 1+ 22
™ — [ ] 3 _ 2 - a: o w — O
Third-order DE: O e ma e % Ao x2)] 12,3

- Solve with Mathematica: v, =2K2(1-2?), ¥, =K1 - 2>)K(z?), U;=zK2(z?)

1 dt
Kla) = /0 VA —t)(1 — 222)

11— 2
E(z) = dt
(2) / —
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Elliptic integrals

* Polylogarithms for most sectors 9,3 = e A(x)g, A(z) = Z]\%ai(:ﬂ)

constant matrices

* Algorithms do not work for one sector

. 6x 1 — 422 + 724 1+ 22
™ — [ ] 3 _ 2 - x o w — O
Third-order DE: O e ma e % Ao x2)] 12,3

- Solve with Mathematica: v, =2K2(1-2?), ¥, =K1 - 2>)K(z?), U;=zK2(z?)

A [Broedel, Duhr, Dulat, Marzucca, Penante, Tancredi, ‘19 / 1 dt
p Broedel, Duhr, Matthes, 21 / K(Z) = ,
Pogel, Wang, Weinzierl, 22] 0 \/(1 — t2)(1 — Zt2)
1 1 2
— 2t
v E(z) = / dt
0

V1—12
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[CD, Henn, Yan, ‘20 /

e-form using INITIAL  cotemnviaoner2

68 master integrals:
— constant 68 X 68 matrices

 Elliptic ditferential equations

0.7 = e A(x)7, Alz) =) Mﬁ
2 1 1 1 x
ai(z) € {x(l—x2)K2(1—x2)’ 11—z’ z 1+a 1422
K?(1 — z?) K?(1—2?%) K3(1-—2?) K?(1 — z?) (1 —2%)K?(1 — 2?)
m2x(1 — x2)’ w2 (1 — x2)’ w2y 2 T
K4(1 — 2?) K41 -2?) (1-2)KY1—-2%) (1-22)2%KY1—2?)
miz(l — x2)’ mir e ’ T

- Differential equations not problematic for us, despite elliptics

- Canonical form just as in polylogarithmic 3PM case
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[CD, Henn, Yan, ‘20 /

e-form using INITIAL e wegner22 R

/

* Elliptic differential equations 0xG = € A ZM a;i(x

(2) € 2 1 1 1 x K?(1—2%) K*(1 - 2z?)
a;\T ) ) ) ’ )
r(1-—22)K2(1—22)"1—2’ 2’ 142" 1+ 22 72z(1 —22) 7tx(l — 22)’

- Simple integration kernels = easy to handle
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* Elliptic differential equations 0:G = € A(x)g ZM e
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a;\T ) ) ) ’ ) g
r(l—22)K2(1—22)'1—z o' 1+2 14+ 22" 72x(1 —22) wtz(l — x?)

5 Simple integration kernels = easy to handle [Walden, Weinzierl,"20]

. . ) efficient numerical
« BEisenstein kernels. E2,8,1,1,27E2,8,1,1,47E2 8,1,1,8 —> evaluation in GiNaC
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e-form using INITTAL  coternweonerza g e

/

* Elliptic differential equations 0:G = € A(x) ZM a;i(x

(2) € 2 1 1 1 x K?(1—2%) K*(1 - :U2)
a;\T ) ) ) ) ) )t
r(l—22)K2(1—22)'1—z o' 1+2 14+ 22" 72x(1 —22) wtz(l — x?)

5 Simple integration kernels = easy to handle [Walden, Weinzierl,"20]

. . ) efficient numerical
« BEisenstein kernels. E2,8,1,1,27E2,8,1,1,47E2 8,1,1,8 —> evaluation in GiNaC

- Observables: No iterated integrals of elliptic kernels g=TFf
* in e-form, one can simply remove the kernels X
, , ero , elliptics in the result come
e otherwise /d$2K(1 —z°)E(l — 27) _ (1 —z9)K=(1 — %) from transformation only
2% 2

[CD, Kalin, Liu, Porto, '21]
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Boundary conditions fm TP e A0 oo

 Compare series expansions around singular point

- Small velocity expansion: v=+/12-1 v 0 72l S a1

].) SOhltlon Of differential equatiOIlS: [Lee, Smirnov, Smirnov, Steinhauser,19]
[Libra: Lee, 20]

2) Explicit integral expansions:
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Boundary conditions fm TP e A0 i

 Compare series expansions around singular point
- Small velocity expansion: v=+/12-1 v 0 72l S a1

].) SOhlthIl Of differential equationS: [Lee, Smirnov, Smirnov, Steinhauser,“19]
[Libra: Lee, 20]
Frobenius/Wasow:
Oxf = A(x,€)f, f(v,€) >~ Z yhLTn2e logk(v)Hnl’nQ,k(e) go(€), ni, g,k € Z
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2) Explicit integral expansions: - L
) b 5 b by ns k:(e) = Hp, n, k( )90<6)
method of regions: / relations between infinite
I — /dk Ok -uy). .. 7 Z prTn2e log )hnl,nz’ (€) set of PN-like integrals
]{Z(kUQ) ni,na.k
- Identify an independent set: Go(€) = Hindep (€)  hindep (€)
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Static boundary integrals

I111000010101110
— Lk - R
flv,€) ~ Z yrh e log (U)hnl,nz,k<€)v f=
nl,ng,k I
111000111111111
- 3PM example: v — 0
[Beneke, Smirnov, ‘97]
o((k—20) - U1 oL - U9 [asy2.m: Pak, Smirnov, 10 /
In(z) = /dDéde ( I 2 )26(2]{2 ) Jantzen, Smirnov, Smirnov,*12]
(k—L+q) [FIESTA3: Smirnov, ‘13]

- For Feynman: possible in parametric space
0%) _>U2Ciai7 1= 17“'73 Cpot = <O7O7O>’ Crad; <O’0’_1>

]N(ZC) a ?)Oho,(),() + Ul_zehl,_g,o + ...
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Static boundary integrals

I111000010101110
— k = —
flv,€) ~ Z yrh e log (U)hnl,nz,k<e)v f=
nl,ng,k I
111000111111111
- 3PM example: v — 0
[Beneke, Smirnov, ‘97]
o((k—20) - U1 oL - U9 [asy2.m: Pak, Smirnov, 10 /
In(z) = /dDﬁde ( I 2 )Qé2k2 ) Jantzen, Smirnov, Smirnov,*12]
( - —I—q) [FIESTA3: Smirnov, ‘13]

- For Feynman: possible in parametric space

0%) _>U2Ciai7 1= 17"'73 Cpot = (07070)7 Crad; <O’0’_1)
]N(ZC) o ?)Oho,(),() + Ul_zehl,_g,o = oo
- Momentum space: radiation:  (£°,0) ~ (v,1), (k% k) ~ (v,v),
1 1 _
hi _ = — ddﬁ ddk d=3— 2¢
1,-2,0(€) / (£ —q)¢? / k? — (£ -n)? n=1, n-gq=0
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Static boundary integrals

IN(QZ) ~ UOho,(),Q + 01_2€h17_270 + ... d=3— 2¢, n’ = 1, n-gq=0
- Momentum space: radiation:  (£°,€) ~ (v,1), (k°,k) ~ (v,0),
1 1
R Y d
hl,—2,0(6) - /d £(£ . q)zgz ‘/d kk2 _ (g . n)2’ [Galley, Leibovich, Porto, Ross, ‘16]
Y
d 1 I'(1—d/2) :
/d k (€ nE L] — “n OZ L0107 <«— Feynman = conservative
1k 1 . _ I'(1 _.d/ 2) <«—ret/adv = dissipative
(k2 — (£-n+i0)%] [—(n-£€£:0)2]1-d/2
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Static boundary integrals

]N(QJ) ~ UOhO7O7O + 01_2€h17_270 + ... d=3 — 2¢, n’ = 1, n-gq=0
- Momentum space: radiation:  (£°,£) ~ (v,1), (k% k) ~ (v,0),
1 1
hi_ — — [ d¢ I
1, 2’0(6) /d £(£ — q>2£2 ‘/ d k2 — (e . n)2’ [Galley, Leibovich, Porto, Ross, ‘16]
Y
d 1 B I'(1—d/2) .
/d k [k2 — )L iO] — [—(n P i()]l—d/Q <«— Feynman = conservative
/ddk 1 _ I'(1—d/2) <«—ret/adv = dissipative
(k2 — (£-n +1i0)?] [—(n - £ £ i0)2]1—4/2
. i7425724D(3 — A)T'(1 — 4)T(d — 2)I(45L)
hl,—2,0(€) = T(d—3) compute boundary constants:
%
hi% 5 o(€) = G ; g)F(d — Go(e) = Hindep(e)_lhindep<€>
o I'(d—3)
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Static boundary integrals

- Regions at 4PM

a;, = v%a;, i=1,...,6
(807 £> (k§)7 kl) (kga k2) o™
(v,1) (v,1) (v,1) «— et = (0,0,0,0,0,0), / I
pht1T e
(v,1) (v,1) (v, v) &  C1rad = (0,0,0,0,0,—1), / _y
/ Y
(U, 1) (U,”U) (U7U) < Corad € {(O O O O )7 (0707 7_1)7
(0,0,0,—1 —1,—1)}
- Momentum space: , : \
oo O(KY — £0)5 (RS + £°)
I(x) = [ dPedPkdPk 1 2
()= [ AP
15.12.2022 Christoph Dlapa
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Summary

* Gravitational two-body problem
* 4PM loop integrals

e Differential equations  8.5=cA(x)g

- Canonical form 2 111 .

a/i<x)€{x(l_xQ)K2(1_x2)a1_£,5,1+x71+x2’
K2(1—22) K41 — 2?) }
- FunCtion Space 7'(‘23;-(]_ — 562)’ 7T4.CL’(1 . 372) yoee

- Elliptic integrals

* Boundary constants - B B}
hn1,n2,k(€) — Hnl,nz,kﬁ(e)g()(e)

- Relations L m (1), Ey~(0.0), ks~ (0,0)
- Static integrals / 1k 1 _ T(1-4d/2)
k2 — (£-n£i0)%]  [—(n £+ i0)21 -4/

This project has received funding from the European Research Council (ERC) under the European
Union’s Horizon 2020 research and innovation programme (grant Nos. 817791 and 725110).
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Outlook

* Spin

*5PM

- Integrand

- IBPs (Master integrals)
- DEs

- Boundary conditions
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