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Review: Three-point

Kerr energy-momentum tensor contracted into on-shell graviton [Vines (2017)]

εµν(k)T µν
BH(k) = (εk · p)2 exp (kµSµ

BH), Sµ
BH = (0, 0, 0,ma)

QFT → Pauli-Lubanski vector

Sµ(p) ≡ ⟨ 1
2m ϵµνρσpνMρσ⟩ = 1

m ⟨Ŵ µ⟩

Massive spinning three-point amplitude: [Arkani-Hamed, Huang, Huang (2017)]

p1 p2

k

= (εk · p1)2
(

[12]
m

)2s

= (εk · p1)2 exp (kµSµ(p1))|(Sµ)≥2s →0

[Guevara, Ochirov, Vines (2018); Huang,...(2018); Guevara, Bautista(2019); ...]

Remarkable: Kerr three-point amplitude for s → ∞
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Review: Compton

Classical observables in terms of amplitudes:
[Bjerrum-Bohr,...; Guevara,...; Haddad,...; Huang,...; Kosower,...; Luna,...; Mogull,...; O’Connell,..; ...]

∆O ∼ + + . . .

Compton amplitude needed at NLO. BCFW results: [Arkani-Hamed,...;Johansson,...]

4+

1 2

3−

= [4|p1|3⟩4−2s([41]⟨32⟩ + [42]⟨31⟩)2s

s12(s13 − m2)(s14 − m2)

4+

1 2

3+

= ⟨12⟩2s [34]4
m2s−4s12(s13 − m2)(s14 − m2)

Remarkable:s ≤ 2 matches Kerr, BUT s > 2 has spurious pole
Meaning: BCFW does not work for higher spin.
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Recap

What we know: (potentials)
▶ O(G2): Hamiltonian up to O(S4), O(S>5) conjectured

[Guevara, Ochirov, Vines; Luna, Kosmopoulos; Porto, Liu; Chen, Chung, Huang, Kim; Aoude, Haddad, Helset; Bern,

Kosmopoulos, Luna, Roiban, Teng]

▶ O(G3): results at O(S2), O(S∞) radiation-reaction
[Jakobsen, Mogull; Cordero, Kraus, Lin, Ruf, Zeng] [Alessio,Di Vecchia]

▶ probe limit to O(S∞) [Menezes,Sergola; Damgaard,Hoogeveen,Luna,Vines]

Open questions:

Kerr black holes at O(S≥5)?

lim
s→∞

A(ϕs(p1), ϕs(p2), h(p3), . . . , h(pn))

Higher-spin theories that give rise to the Kerr amplitudes?

m−2s(εk · p1)2[12]2s
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Low Spin
Gauge Theory

Generating function for root-Kerr amplitudes:
∞∑

s=0
m−2s(εk · p1)[12]2s = AϕϕA + AWWA − (ε1 · ε2)2 AϕϕA

(1 + ε1 · ε2)2 + 2
m2 ε1 · p2 ε2 · p1

Extract Lagrangians:
▶ s = 0, 1/2 minimally-coupled

Ls=0 = DµϕDµϕ− m2ϕ̄ϕ

Ls=1/2 = ψ̄(i /D − m)ψ

▶ s = 1 non-minimal

Ls=1 = 2D[µW ν]D[µW ν] − m2W µW µ+ieFµνW µW ν

Lesson: high-energy behaviour important

Paolo Pichini | Black Holes and Massive Higher Spins
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Low Spin
Gravity

Generating function for Kerr amplitudes:
∞∑

s=0

m−2s(εk ·p1)2[12]2s = Mϕϕh+AWWA

(
AϕϕA+ AWWA − (ε1 · ε2)2 AϕϕA

(1 + ε1 · ε2)2 + 2
m2 ε1 · p2 ε2 · p1

)

Extract Lagrangians:
▶ s = 0, 1/2, 1, 3/2 minimally-coupled

Ls=1 = 2∇[µW ν]∇[µW ν] − m2W µW µ

Ls=3/2 = ψ̄µγµνρ

(
i∇ν − 1

2mγν
)
ψρ

▶ s = 2 non-minimal

Ls=2 = ∇µHνρ∇µHνρ − 2∇νHν

µ∇ρHµ
ρ − Hρ

ρ∇µ∇νHµν

−Hρ
ρ ∇µ∇νHµν − ∇µHν

ν∇µHρ
ρ − m2HµνHµν

+m2Hµ

µHν
ν −2RµνρσHµρHνσ
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High-Energy Unitarity
Example: s = 1 gauge

Massive spin-1 field coupled to photon:

L = 2D[µW ν]D[µW ν] − m2W µW µ + ieαFµνW µW ν

Compton Ingredients
Three-point current (P off-shell, p1 and k on-shell; fk ≡ kεk − εkk):
J(P, p1, k) = εP ·ε1 εk ·(p1 −P)−ε1 ·εk εP ·p1 +εk ·εP ε1 ·P −α f µν

k ε1µεPν

Spin-1 propagator:
∆µν(P) = 1

P2 − m2

(
ηµν − PµPν

m2

)

Compton amplitude diverges in the P/m → ∞ limit, unless

Current constraint
P · J = O(m) ⇒ α = 1

root-Kerr three-point and Compton matched!
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High-Energy Unitarity
s = 3/2 gauge

Massive spin-3/2 field coupled to photon: [Deser,Waldron,Pascalutsa(2000)]

L = ψ̄µγµνρ

(
iDν − 1

2mγν
)
ψρ − ie

m

(
l1ψ̄µF µνψν + l2ψ̄µFρσγ

ργσψµ

+l3F µν(ψ̄µγνγ·ψ+ψ̄·γγµψν)+l4ψ̄·γFρσγ
ργσγ·ψ+i l5F µν(ψ̄µγνγ·ψ−ψ̄·γγµψν)

)

Spin-3/2 propagator:

∆µν(P) ∼
(
ηµν − PµPν

m2

) (
/P + m

)
+ 1

3

(Pµ

m + γµ
) (

/P − m
) (Pν

m + γν
)

Impose current constraint

P · J = O(m) ⇒ l1 = −2, l2 = 1/2, l3 = 1, l5 = 0

root-Kerr three-point matched!
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Massive spin-3/2 field coupled to photon: [Deser,Waldron,Pascalutsa(2000)]

L = ψ̄µγµνρ

(
iDν − 1

2mγν
)
ψρ − ie

m

(
l1ψ̄µF µνψν + l2ψ̄µFρσγ

ργσψµ

+l3F µν(ψ̄µγνγ·ψ+ψ̄·γγµψν)+l4ψ̄·γFρσγ
ργσγ·ψ+i l5F µν(ψ̄µγνγ·ψ−ψ̄·γγµψν)

)
Spin-3/2 propagator:

∆µν(P) ∼
(
ηµν − PµPν

m2

) (
/P + m

)
+ 1

3

(Pµ

m + γµ
) (

/P − m
) (Pν

m + γν
)

Impose current constraint

P · J = O(m) ⇒ l1 = −2, l2 = 1/2, l3 = 1, l5 = 0

root-Kerr three-point matched!
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High-Energy Unitarity
Results

Spin-3/2 Gauge Theory

L = Lmin + ψ̄µ

(
F µν − i

2γ5ϵ
µναβFαβ

)
ψν

A4 = [41]⟨32⟩+[42]⟨31⟩
[4|p1|3⟩

(
([41]⟨32⟩+[42]⟨31⟩)2

(s13−m2)(s14−m2) − [14][24]⟨13⟩⟨23⟩
m4

)

Spin-5/2 Gravity

L = Lmin + ψ̄µρ

(
Rµνρσ − i

2γ5ϵ
ρσαβRµν

αβ

)
ψνσ

M4 = [41]⟨32⟩+[42]⟨31⟩
[4|p1|3⟩

(
([41]⟨32⟩+[42]⟨31⟩)4

s12(s13−m2)(s14−m2) − ([14][24]⟨13⟩⟨23⟩)2

m6

)
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High-Energy Unitarity
Higher Spins

P · J = O(m) not enough for s ≥ 2 gauge / s ≥ 3 gravity

What are we missing?
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Massive Gauge Symmetry
Spontaneous Symmetry Breaking

UV theory:

L = −1
4F i

µνF iµν + 1
2 (Dµϕ)i(Dµϕ)i + µ2

2 ∥ϕ⃗∥2 − λ

4!∥ϕ⃗∥4

Spontaneous Symmetry Breaking (Goldstone φ):

L =2D[µWν] D[µW ν] + (mW µ − Dµφ) (mW µ − Dµφ)
+ ieFµνW µW ν + {Higgs,W 4, ...}

Massive (Stückelberg) gauge symmetry

Wµ → (Wµ, φ) with δWµ = Dµλ, δϕ = mλ+ ...

Symmetry = no unphysical degrees of freedom

Higher-spins? ⇒ no SSB, yes gauge symmetry!
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Massive Gauge Symmetry
Spin-2 Example

Fields {Hµν ,Bµ, φ}. Gauge symmetry:

δHµν = Dµξν + Dνξµ + mgµνλ+ . . . ,

δBµ = Dµλ+ mξµ + . . . , δφ = mλ+ . . . .

Non-minimal Lagrangian (lowest derivative):
−ie
m2 Fµν

(
DµHαβDαHβν − DαHβνDµHαβ + DαHβµDαHβν

−2DαHβµDβHαν − DµHαβDνHαβ + DµHναD · Hα

− D · HαDµHνα + D · HµD · Hν − D · HµDνH

+ DνHD · Hµ − DµHναDαH + DαHDµHνα + DµHDνH
)

−ie
m2 Fµν

{
m

(
D · HµBν − BνD · Hµ − DµHBν + BνDµH

)}
−ie
m2 Fµν

(m2

2 HµαHνα + 2m2BµBµ

)
⇒ root-Kerr amplitude!
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Massive Gauge Symmetry
Massive Ward identities

Massive spin-1:
δWµ = ∂µλ, δφ = mλ

(
ip1 · ∂

∂ε1
A3(WWA) + mA3(φWA)

) ∣∣∣
(2,3)

= 0, (i , j) on-shell

Massive spin-2:

δHµν = ∂µξν + ∂νξµ + mgµνλ,

δBµ = ∂µλ+ mξµ, δφ = mλ

(
ip1 · ∂

∂ϵ1
A3(HHA) + mA3(BHA)

) ∣∣∣
(2,3)

= 0(
ip1· ∂

∂ϵ1
A3(BHA) + mA3(φHA) + m

2
∂

∂ϵ1
· ∂
∂ϵ1

A3(HHA)
) ∣∣∣

(2,3)
= 0
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Massive Gauge Symmetry
Arbitrary Spin

Arbitrary spin:

⟨ξkΦ̄sAh⟩ ≡ 1
k + 1p1 · ∂

∂ϵ1
L(Φk+1Φ̄sAh) + mαkL(ΦkΦ̄sAh)

+m
2 βk+2

( ∂

∂ϵ1

)2
L(Φk+2Φ̄sAh)

Impose:

▶ Ward identities ⟨ξkΦ̄sAh⟩
∣∣∣
(2,3)

= 0

▶ Current constraint p1 · (∂/∂ϵ1) L(ΦsΦ̄sAh)
∣∣∣
(2,3)

= O(m)

▶ Lowest-derivative solution:

L(Φs1Φ̄s2Ah) ∼ ∂s1+s2−h, L(Φs1Φ̄s2<s1−hAh) = 0

Outcome: Kerr and root-Kerr 3pt amplitude unique for any spin!
Checked up to s = 6
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Massive Gauge Symmetry
Compton

Four-point Ward identities (spin-2 example):

ip1· ∂
∂ϵ1

AΦΦAA + mABΦAA = 0

ip1· ∂
∂ϵ1

ABΦAA + mAφΦAA + m
2

(
∂

∂ϵ1

)2
AΦΦAA = 0

Gauge theory Compton

A(Φs
1Φs

2A−
3 A+

4 )= ⟨3|1|4]2(T + S)2s

m4st13t14
+ ⟨3|1|4]⟨13⟩[24]P2s

m4st13

+ ⟨13⟩⟨32⟩[14][42]P2s−1
m4s + Cs ,

Contact term Cs≤1 = 0,

C2 = ⟨13⟩⟨32⟩[14][42]
m6

{
x(⟨12⟩ + [12])2 + y(⟨12⟩ − [12])2

}
+ O(ℏ)
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Summary and Outlook

Complete understanding of root-Kerr and Kerr cubic theory

On-shell realisation of massive gauge symmetry ⇒ 4pt and higher!

More constraints? e.g. 4pt current constraint, off-shell gauge
invariance
Higher-derivative terms → neutron stars?

Apply methods to other massive spinning QFTs?

Simpler description of massive gauge invariance? (in progress)
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