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MASSIVE GAUGE THEORIES

Topologically massive theories are gauge invariant theories of
massive particles, with Lagrangians  peser, jackiw & Tempieton, 1982]
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ﬁGravity = ? — 4/€2m€/\u rlj\a ((%l_l,p + 3rl”.rl,p) .
One d.o.f each, helicity determined by +m.
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MASSIVE GAUGE THEORIES

Topologically massive theories are gauge invariant theories of
massive particles, with Lagrangians  peser, jackiw & Tempieton, 1982]

L Gauge = — 21 LT (F Py — 2”;2 oy (FWAQ - EAMAVAQ) :
LGravity = %’f - 4/€12m5’\“”rf\a (a Iy, + irfwr;p) :
One d.o.f each, helicity determined by +m.
Equations of motion:
DiFa, + e, F07 — g3 G+ — CW — 2T,
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Where C,, = €,V (R., — $9.,R) is the Cotton tensor.
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MOTIVATION

Let’s take the equation of motion...

m
DY, 4 Geup P = 5

and naively replace colour with kinematics.
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MOTIVATION

Let’s take the equation of motion...

m
DY, 4 Geup P = 5

and naively replace colour with kinematics.
Tak'ng a— CY/B and DH — V” [See talk by Mangan] , we f|nd

m o
V#Rpwaﬁ + §€Vpa-Rp B = Jaﬂy
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-® MOTIVATION

Let’s take the equation of motion...

a a, a
D"F2, + ‘2”ey,,aF P — Ja

and naively replace colour with kinematics.

Tak'ng a— CY/B and DH — V“ [See talk by Mangan] , we f|nd
s R;,waﬁ + D) €Vpa'Rpo-aﬁ - Jaﬂl/

This is topologically massive gravity . 2021

1 1
GHV + EC#V = 2757 5A VTRT’YOLB + 2 G’YPUR " ﬁ:|

®

Motivation for a double copy.... Let’s review it in spinor form. o
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SPINORS

Tensors with s Lorentz indices can be replaced with spinors with 2s
indices using Infeld—Van der Waerden symbols o.

In D=4, we use 0%, = (1,0/)an such thate.g.
AA
Tavs0hn OB 0o = TanBBCCr -

No chirality in D = 3 — no primed indices!




SPINORS

Tensors with s Lorentz indices can be replaced with spinors with 2s
indices using Infeld—Van der Waerden symbols o.

In D = 4, we use oy, = (1,0")aa such that e.g.
TﬁDﬁUZA/UgB/Ué(;/ = 7—AA’BB/CC/-

No chirality in D = 3 — no primed indices!

We can choose a real basis: o/y5 = {1,0',0%}

’
Tuwohgotp = Tascp = y TaB)(cD)

We can use this to explore the Weyl double copy....
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THE WEYL DOUBLE COPY

The Weyl dOUb|e copy |S g|Ven by [Luna, Monteiro, Nicholson & O’Connell, 2018]

1 -
Vascp = g¥(ABYCD);
which relates Curvature spinors

y
L DA oA 7C’
YAB = EFMVU;\A’UVB’ Vascp = 5 WMVPTUAA'U BOCC’ D

Would like to define a 3D analogue — but W#¥»7 = Q!

The Cotton tensor seems like a good substitute... But first, let's
explore some amplitudes.
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SPINOR-HELICITY

Amplitudes ~ A(p;, €)).

We can convert p,,, ¢, to spinor-helicity variables with o*

D=4 | piaa = |i)5lila p?=0

|i[>i\73> e et =1

D=4 €ap =

NS =2
D=3 | piag = li)alilgy | PP = —m? o {ii)

D=3 e,-AB:% e e =1

Takehome: amplitudes are now functions of |i) and [i| in D = 4, and
|i) and |y in D = 3.

Can derive €iAB from the TMYM EOM  (uw, 2020, . @
Note: Under |i) — t|i), e — t?c and p — p — little group scaling. o
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BOOTSTRAPPING AMPLITUDES

Matter coupled amplitudes  (arkani-Hamed, Huang & Huang, 2017 (N, 2020]

10

3h = g(MX)h, X = <3|lr'l7;|3> ~ U - €3

20

Factorisation gives us four-particle anyon amplitudes nw. 20201 , €.

10 40

h
>\,V ot q2+1m2 oF ’\/\< _ gz(M1M2)h ()(1)

20 30 q2 + m? X2

3pts and 4pts shown t0 DC 20201 Burger, Emona &, 20211 iNcluding in the

H *
e|k0na| [Carrillo Gonzélez, Momeni & Rumbutis, 2021]

The amplitudes double copy - useful to express curvature spinors in

\\.}Iel’ms Of amplltudes USIng KMOC [Kosower, Maybee & O’Connell, 2018]
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-® CURVATURE SPINORS FROM AMPLITUDES

We can mode expand and evolve

B =i}, / (ar(@)qele @ — i (q)qlr=le)
n=+"4
and take an expectation value with a state |¢) ~ [, (k) |k)
Frv = ()| STF* SJy) = 2 Rei/ (kIF* T|K') + O(g?).
k,k’
Noting that S =1+ iT and
Ky | Tl - i) = Ak kg = K- k) 6O (k).
f| ﬂdlng [Monteiro, O’Connell, Veiga & Sergola, 2020]

oas(X) = 2Rei / 19).419)5 As(q) e + O(g?). D
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We can do exactly the same thing in gravity:

V(aac0 = 2Re [ 10)410)s 10)c @) Ma(a)e .
q

The Weyl double copy in momentum space is

9)419)510)c 1910 M = 5(19)410)s A )(1a)c10)5 45,

where
S~ Agcalar ~ A

This can be defined in 3D!
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-® TOPOLOGICALLY MASSIVE GAUGE THEORY

In 3D Fra(x) = JetvrF2 (x) = (Fra).

EOM is then 5 ;
s‘“’f’Dl,Fpa + mF*a =0

We can do the usual mode expansion for a single helicity
B —xm [ [at@) (e + al(q)et (q)e]
q
We define pa5 = IN-'“a#AB and the same steps as in 4D lead to

pas(x) = —3Re [ 40(@)o(u- @) [AP(@)|alsla)s 6]
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In topologically massive gravity, the free equations of motion are
1
GNV + ECMV = 0

The Cotton tensor is a sensible candidate for the double copy

cH = —% PNl 2
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In topologically massive gravity, the free equations of motion are
G +— C,“, =0.
The Cotton tensor is a sensible candidate for the double copy
Cr = —Z onPeN I,
Mode expand the graviton, follow the same steps as in gauge theory

(€)= _WRe/ o(q) 5(u- q) MOL(q) gr ¥ (q)exo () €70
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In topologically massive gravity, the free equations of motion are
1
GU'V + ECMV = O
The Cotton tensor is a sensible candidate for the double copy
cH = —g PNl 2
Mode expand the graviton, follow the same steps as in gauge theory
2 .
(©") =~ e / d(q) 8(u - q) MZy(q) gr e ()exo (q) €7 .

Plugging in me” 0,48 = |9) 4 |19) g, much Schoutening,

(Wasco) = = 5 31 Re [ 10(@)3(u-q)[ 9416 10)c 0} iMP(@)] €. D
2M

This matches the field theory calculation for e.g. Anyons (emond & nm, 2022]
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-® MOMENTUM SPACE COTTON DOUBLE COPY

In momentum—space, we find [Emond & NM, 2022]

Vaseo(q) = —im|a)419)s19)c 19)p M (q),
®a5(q) = 1904105 A (q).
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-® MOMENTUM SPACE COTTON DOUBLE COPY

In momentum—space, we find [Emond & NM, 2022]

Vaseo(q) = —im|a)419)s19)c 19)p M (q),
®a5(q) = 1904105 A (q).

The momentum space Cotton double copy is then

m®5(q)%cp)(9)
2 S '

Shown to hold in position space for type-N  iemon & nm,2022]  (Gonzétez, Momeni &

Rumbutis, 2022] .

Vagep(q) =

What about type-D? This question is best asked in twistor space,
let’s (very) quickly review it...
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-® TWISTOR SPACE

Formally, twistor space is the set of solutions of
v ) —o,

which has a solution on My of the form Q4 = p# — xA A\,

Twistors ZA = (u*', \a) € PT are related to My via the incidence
relations
WA= XA A,

These are projective, since this is invariant under

st A= tha, VEeC.

The matrix xA4 = x4 therefore defines a line on PT.

\\
Q 53
. JOPYRIGHT 2022,
e o,

QOO ALL RIGHT [C) e.

\



We have seen that curvature tensors have a KMOC representation

o100 = Rl [ 10(@3(u- )| la)a, 0hs, |a, AP(@)] €79
They also have a Twistor representation via the Penrose transform

1
(pA1A2“'A2s(X) o j{ <)‘d>‘> )‘A1 )‘Az )‘Azs Px [f(ZA)} ’

where f(tZ#) = t=25-2f(Z4) and px reminds us to restrict to the line
corresponding to point x%.

These are related by coordinate transformation, and in D = 4, we find

[Guevara 2021]  [Luna, NM & White, 2022]

f(ZA)N/ duwwde™ 2o X Ul A (y)
0

®
What does the Weyl DC look like on twistor space? O
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TwWISTOR-WEYL DOUBLE COPY

The Weyl DC on Twistor space is wnie, 2020 [chacen, Nagy & White, 2021]

—4)H—4
f=6) _ fIE:M )fIE:M : 20 — (QABZAZB)Z
grav f(_2) I |£|| 9

scal.

where Qap encodes the particular solution (e.g. Kerr).

Closely resembles the momentum space form involving amplitudes....
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TwWISTOR-WEYL DOUBLE COPY

The Weyl DC on Twistor space is wnie, 2020 [chacen, Nagy & White, 2021]

—4)H—4
f=6) _ fIE:M )fIE:M : 20 — (QABZAZB)E
grav f(_2) I |£|| 9

scal.
where Qap encodes the particular solution (e.g. Kerr).
Closely resembles the momentum space form involving amplitudes....

In fact... [Guevara 2021]  [Luna, NM & White, 2022]

1

> s o—swNulp] 4(8)
/0 dwwe”z Az7(A) o (QusZAZB)s+

Because 3pt amplitudes are simple on twistor space, we have only
simple poles — gives rise to a local DC on position space.
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MINI-TWISTOR SPACE

The relationship between M3 and miniwistor space MT is defined by
(uA) =u=x"¥xa\g,  Z%=(u,\a).
This is clearly invariant under A — tA and p — tu — we identify

(U, )\A) ~ (ILZU7 t)\A)

We can instead consider twistors of the form Z4 = (1A, \4), provided
we make the identification (rsai, 199

(14, 2a) ~ (tu? + tOA? tha).

o
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The Penrose transform is given by

1 .
90A1A2“'A25(X) = o j{ </\d>‘> AAi ARy - Adgg Px |:f(ZA):| ’

however we now require that
HZP) = e ™ g(u, Ma),  g(BPu, ta) = £2572g(u, Aa).
For f as above, these fields satisfy rsai 1996]

O, By Pos (X) = MPp, g g (X).

For s =1 (s = 2), this is the spinor EOM for topologically massive EM

(gravity). @
<
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TWISTOR-COTTON DOUBLE COPY

We see then that the Cotton DC can be expressed as (cariio-conzaiez, emond,

NM, Rumbutis & White]

) (—4) 5(-4)
H-=8) _ fem Tem oM 9em Jem” _ efmﬁ‘;iig(—G)
grav #(—2) (=2 grav -
fscal. gscal.

From the amplitude representation we find

DAty ™ 7( R NINGal

This has an essential singularity, required to give the transcendental
solutions to the EOM (Bessel functions).

S
(O -
:

_‘-
No simple Cotton DC beyond type-N in position space! Q
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What's been done?

>

vV v v.vyYy

(Top. Massive Gauge)? ~ Top. Massive Gravity nm 200 (Gonséiez, Momen

& Rumbutis, 2021]  [Hang, He & Shen, 2021] [NM, 2021]

BCJ Duality up to 5pt  (conzalez, Momeni & Rumbutis, 20211

Non-Perturbative nw, 2021

Matter (Anyons) (surger, Emond & Nw, 20211 , EiKONAI  (onzatez, Momen & Rumbuis, 20211
Aharonov-Bohm [Burger, Emond & NM, 2021]  [Emond, NM & Wei, 2021]

Cotton DC [Emond & NM, 2022] ~ [Gonzélez, Momeni & Rumbutis, 2022] inc AdS/Shockwaves

[Gonzalez, Momeni & Rumbutis, 2022]
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Di1sScUSsSION

Plenty left to do:

» Stringy origin? Likely arises from Green-Schwarz mechanism,
m = f(a’) — See talk by Markou

» Kinematic algebra — See talks by Ben-Shahar, Chen

> Supersymmetry easily added to topologically massive theories
[Agarwal, Lipstein & Young, 2014] —— DOUb|e COpy'? See talk by EngeuDI‘ECht

» Hints that there should be a DC of the form
NLSM ® YM ~ top. massive Born-Infeld mnwu, 20211

» Hints that this generalises to curved space (conzsiez, Momen & Rumbutis, 2022]

» Lagrangian double copy? Double field theory? See talk by
Diaz-Jaramillo
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Thank you for listening.

Any Questions?
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PosITiION SPACE EXAMPLE

In Kerr-Schild coordinates, the plane-wave metric is
Guv = Nuw + KL - X)H(x"),,0,,

where (2 =0, ¢, = ,u and u is a retarded coordinate.

[CRONTY



PosITiION SPACE EXAMPLE

In Kerr-Schild coordinates, the plane-wave metric is

Guv = M + KO(L- X)H(XH) 0,0,
where (2 =0, ¢, = ,u and u is a retarded coordinate.
In vacuum, the EOM become

K

1
GW + ECMV = D)

e COPYRIGHT 2022.
OC \\ QOO ALL RIGHTS RESERVED. Qe.

(LX)t %H”’(x) + H”(x)] ~0.



-® PosITiION SPACE EXAMPLE

In Kerr-Schild coordinates, the plane-wave metric is

Guw = M + KO(L - XYH(X") L0,
where (2 =0, ¢, = ,u and u is a retarded coordinate.
In vacuum, the EOM become

K

]
500 X)0ub | —H"(x) + H”(x)] ~0.

1
GMV + ECMV =

Assuming x > 0, we find
H(x) = ke=™X ¢ |x| + co.

Note: delta function sets |x| = x or |x| = y, depending on choice of u. @
We drop ¢y and ¢, terms. o

S
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On the gauge theory side, we need to solve
(0% — m?*)F* = 0.

Solved by F* = e§(¢ - x)e~mxl¢n.

[CRONTY
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On the gauge theory side, we need to solve
(0% — m?*)F* = 0.
Solved by F* = e§(¢ - x)e~mxl¢n.
Kerr-Schild double copy for topologically massive plane waves

Py (X) = K6(C - X)e—m\/)?gugw A.(x) =es(l- X)e_m‘/’TZEm
B(X) = AS(£ - x)e ™,

D
2 -
o
S
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-®
The Maxwell spinor is given simply by

g = —2m6(<€|x\€>)9_m\/72 1 all)p-

[CRONTY



The Maxwell spinor is given simply by
Pag = ~2m((£]x[€))e~ ™ |6)416)
and the Cotton spinor by
W agop = fga(z - X)EN hsONPH(X) o Lep
= K2mP5((€1x10)e™ ™ 04105 100 10)p

using d\H(x) = —mx\H(x).

. COPYRIGHT 2022
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The Maxwell spinor is given simply by
Pag = —2mo({(x|0))e" ™ |)4]0)5.
and the Cotton spinor by
Wasop = — = 0(L - X)eM 0t g NP H(X) Ll
ABCD = ~ 5 (€-x)e 1A (X)lslcp
= &2mP5((Ux10)e™ ™ 0410510 ¢ 1005+

using d\H(x) = —mx\H(x).
The type-N Cotton double copy holds in position space

m d)AB(X)CDCD(X)

2 o(x)

Type-D more complicated... Let’s turn to twistor space.
~o
e<

Vagep(X) =
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AHARONOV-BOHM EFFECT

Famously, anyons give rise to a non-zero AB phase. Defined as
a:iefA-dx:e/B-hdArea,

where A is the vector potential. Can we derive this on-shell?
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AHARONOV-BOHM EFFECT

Famously, anyons give rise to a non-zero AB phase. Defined as
a:iefA-dx:e/B-hdArea,

where A is the vector potential. Can we derive this on-shell?

In the Born approximation, we can derive the relation

j'{ /df’1 ,qraA
4m2 b1 P4 |p

' 27
ap—3 / / drd@e’/a/ i q 'q'
4m2 8pﬁ

I
‘ m a
COPYRIGHT 2022
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Plugging the A at large r with e — oo and m — oo then gives

62
ap—3 — E

This agrees with the literature (peser & mccartny, 190, ortiz, 1990 .

Gravitational anyons also have a phase, given by taking e — %ng

2,2 2
Gravity K=M5 ms
ap N’ = —= =8rG—=

b=3 4m m

Aharonov-Bohm phase also double copies!
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-® TwWISTOR-WEYL DOUBLE COPY

For a spinless source ~ J(u - k), Qag = (ug UOB')_
Spinning (dual) sources via Janis-Newman (duality) shift

AP 5 AP estiar)

We find the so-called kinematic twistor [Penrose & MacCallum, 1972]  [Luna, NM & White, 2022]
AB —
uB, - u(:‘\/ a2BA

Spinning-Dyon for s = 1 and Kerr-Taub-NUT for s = 2.
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	The Main Question

