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Motivation 
• Develop a systematic framework to construct the amplitude and 

form factor 

• Exploring the underlying algebra structures in colour-kinematic 
and double copy duality 

• Constructing new theory( effective theory & classical/high spin 
theory)



Motivation 
• Have c-k duality 
• Double copy to graviton-scalar, EYM, EM amplitude 
• Closely related to gravitational scattering(including, binary black hole, Compton 

scattering, light bending et al) 
• It’s fun( Novel relations among the BCJ numerator)

Heavy matter coupling to gluon  (Yang-Mills)     

Gauged Bi-adjoint scalar theory

L =LYMS +m2�I,a�I,a +
g0

3!
f IJKfabc�I,a�J,b�K,c
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Cachazo, He and Yuan2014



DC duality

CK duality

Background on color-kinematic(CK) and double copy (DC)

1 2 3 1 2 3 1 23

Color factor     kinematic numerator

Sum over all the 
cubic graphs 

fabefecd + facefedb + fadefebc = 0
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Factor out the propagators

Bern, Carrasco, Johansson 2008,2010 

Scalar 
propagator



Building Blocks in KiHA 

1. Generators       
2. Fusion product      
3. Evaluating Map

Kinematic Hopf  algebra(KiHA) in Bi-adjoint scalar
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Prenumerator: 
Gauge invariant 
Lorentz invariant  
rational functions

Math Physics

h•i
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Evaluating Map

single-particle 
states

T
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?
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h•i
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multi-particle 
states

Unique out-
going state 

Feynman Rule 

• Quantum Field 

• Vertex: Interaction 

• Contract with external states

Wen 2022, GC, Lin, Wen 2022 

Brandhuber, GC, Johansson, Travaglini, Wen 2021-11 
Brandhuber, Brown, GC, Gowdy, Travaglini2022; 
GC,Johansson, Teng, Wang 2019; GC,Johansson,Teng,Wang 2021



KiHA 
• Defined the commutator 

• Perform commutators  
in a given order(a cubic graph) 

• Sum over all the cubic graph, e.g. 
colour ordered amplitude

Construct amplitude
Feynman Rule 

Sum over all the Feynman diagrams

n

1 2 · · ·n�1
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Gauge invariant 
function 

 from each cubic graph  



Algebraic generators
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Ki =

8
><

>:

T (i)
(i) for gluons

T (i)tai for scalars

T (↵)
(⌧1),··· ,(⌧r)t

ai · · · taj intermediate states

,
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T (6124357)
(12),(43),(5)t

a6ta7

<latexit sha1_base64="Wu/Rk2+saioZt8sK9fkEWTzqcBk="></latexit>

↵ fusion product order

tai flavour group generator

(⌧1), · · · , (⌧r) partition of gluon labels
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Example 

Fusion product

T (↵)
(⌧1),...,(⌧r)

? T (�)
(!1),...,(!s)

=
X

⇡|⌧={(⌧1),...,(⌧r)}
⇡|!={(!1),...,(!s)}

(�1)t�r�sT (↵�)
(⇡1),...,(⇡t)

,
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Non-abelian quasi-shuffle Hopf  algebra 

where ⇡|⌧ (or ⇡|!) means a restriction to the elements of ⇡ in ⌧ (or !),
e.g. {(235), (4), (678)}|{2,3,4,8} = {(23), (4), (8)}.
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T (12)
(1),(2) ? T

(345)
(34) =T (12345)

(1),(2),(34) + T (12345)
(1),(34),(2) + T (12345)

(34),(1),(2)

� T (12345)
(1),(234) � T (12345)

(134),(2)
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Shuffle

Stuffing

Super index is critical for non-trivial commutator  

Brandhuber, GC, Johansson, Travaglini, Wen 2021-11 



Evaluation map
From algebraic generators to gauge invariants 

hT (↵)
(⌧1),...,(⌧r)

im =

 ⌧1 · · · ⌧r
�1

⌘

�k�1

...

!(↵)

=

2r
rQ

i=1

⇣
p
⇥(↵)

L (⌧i)
· F⌧i · p⇥(↵)

R (⌧i)

⌘

(p2⌘�m2)(p2⌘⌧1�m2) · · · (p2⌘⌧1···⌧r�1
�m2)
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t⌘T (↵)
(⌧1),...,(⌧r)

h•i���!
map

tr(t⌘tan)hT (↵)
(⌧1),...,(⌧r)

im
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(⌘)
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1 2 3 4
5 7 8

(⌧2) 6 9
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hT (156729834)
(578),(69) im =

4p1 · F578 · p34 p15 · F69 · p348
(p21234�m2)(p21234578�m2)

.
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Fµ⌫
i = pµi "

⌫
i � "µi p

⌫
i
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Example KiHA 
1. External state:  

2. Perform the commutators 

3. Sum over the cubic graphs and mapping to kinematics 
 

Warm up example
A(1, 2, 3, 4) =

4

1 2 3

+

4

1 2 3
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1,2,4 is scalar 
3 is gluon

Ki =

8
><

>:

T (1)ta1 , i = 1 scalar

T (2)ta2 , i = 2 scalar

T (3)
(3) , i = 3 gluon
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h[[K1, [K2,K3]]i = h[T (1)ta1 , (T (23)
(3) � T (32)

(3) )ta2 ]i

= h(T (123)
(3) � T (132)

(3) )ta1ta2 � (T (231)
(3) � T (321)

(3) )ta2ta1i

<latexit sha1_base64="CUw5NKHXLFgArSdu3o/Dw1gYqZg="></latexit>

A(1, 2, 3, 4) =
2p2 · F3 · p1

(p212�m2)(p223�m2)
fa1a2a4
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Evaluation map(global) 

Form factor
Motivations 

1. Does such a fusion rule have the universal behaviour as local interaction? 

The operator  
Tr(�h) = tr(tA1

c · · · tAh
c )tr(ta1 · · · tah)�a1,A1 · · ·�ah,Ah
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Form factor  
FTr(�h)(�) =

X

�2R(h)
�

h bN (�1) ? · · · ? bN (�h)i
d�1 · · · d�h

q

�1 �h· · ·

�1 �h
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t⌘T (↵)
(⌧1),...,(⌧r)

h•i���!
map

tr(t⌘) hT (↵)
(⌧1),...,(⌧r)

iq
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hT (↵)
(⌧1),...,(⌧r)

iq = hT (↵)
(⌧1),...,(⌧r)

im
���
m2!q2
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Fusion product 
(Local) 

Same as amplitude 



Antipode relation 

New relation(Beyond  Jacobi)
Beyond Jacobi  

hX

i=1

h bN (�1) ? · · · ?N ([�i, j]) ? · · · ? bN (�h)i

=
hX

i=1

q

�1 �h�i· · · · · ·

�1 �h�i j

= 0 .
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h bN (12 . . . n�1)i
���
ta!I

= hS( bN (12 . . . n�1))i
���
ta!I

,
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s
=

s s
,
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S(X ? Y ) = S(Y ) ? S(X)

S(T (i)) = T (i), S(T (j)
(j) ) = �T (j)

(j)
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S is anti-morphism  



More Hopf  element
Coproduct and counit  

Kinematic algebra is a non-abelian extended 
quasi-shuffle Hopf  algebra  

�(T (↵)) =
⇣
T (↵) ⌦ T (↵)

⌘
,

�(T (↵)
(⌧1),...,(⌧r)

) =
rX

i=0

⇣
T (↵)
(⌧1),...,(⌧i)

⌦ T (↵)
(⌧i+1),...,(⌧r)

⌘
,

✏(T (↵)
⌧ ) = 0 , ✏(T (↵)) = Iqs
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�(T (↵)
⌧ ) ?�(T (�)

! ) = �(T (↵)
⌧ ? T (�)

! ) ,

✏(T (↵)
⌧ ) ? ✏(T (�)

! ) = ✏(T (↵)
⌧ ? T (�)

! ) ,

?(Iqs ⌦ S)�(T (↵)
⌧ ) = ?(S ⌦ Iqs)�(T (↵)

⌧ ) = ✏(T (↵)
⌧ )Iqs
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s
=

s
= ✏
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Brandhuber, Brown, GC, Gowdy, Travaglini2022;



Applications: (spinning) heavy-mass effective 
field theory 



Double copy
Full scalar 

M(12 . . . n� 2, n� 1, n) = �
X

�2⇢̃

N (�, n� 1, n)N (�, n, n� 1)

d�
,
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HEFT-GR 
M(12 . . . n�2, v) =

X

�2e⇢

⇥
N (�, v)

⇤2

d�
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n�1Mn

· · ·1 n�2
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�

· · ·
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Heavy mass limit

Novel Factorization behaviour (coproduct) 
1 2 · · · n� 2 ⌧L1 ⌧R

N ([12 . . . n� 2], v)
v·p1⌧L�! p

⇥(⌧R)
·p⌧R[1]

N ([1⌧L], v)N ([⌧R], v),
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Four point example 

Ns(12, v) = �w1·F1·F2·w2

v·p1
+N 0

s(12, v).
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N 0
s(12, v) = (a·F2·F1·va·p1 � a·F2·va·F1·p2)G1(x1)G1(x2)

+ i
⇣
(a·S·F1·F2·p1 + a·S·F2·F1·p2)G2(x1, x2)

+ tr(SF2F1)G1(x12)
⌘
.
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Properties of  BCJ numerator 
• Manifestly Gauge invariant 
• Local amplitude 
• Covariant( fit the PM expansion) 
• Closed form for arbitrary spin order 
• Unique at four-point and finite controlled freedom at a higher point. 

Factorisation behaviour also holds for the 
Compton scattering at spin infinity order 

n�1Mn

· · ·1 n�2
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Bjerrum-Bohr, GC, Skowronek 2023



Outlook  

• Geometry representation of  KiHA:(ambitwistor)-string world sheet, 
Self-dual Yang-Mills, Chern-Simons, permutohedra  

• Classical/high spin kinematic algebra     

• KiHA for the interaction with fermions 

• Generalised CK and DC in the effective theory 

• KiHA in curved spacetime         

• Loop level kinematic algebra  

n�1Mn

· · ·1 n�2
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hX

i=1

h bN (�1) ? · · · ?N ([�i, j]) ? · · · ? bN (�h)i

=
hX

i=1

q

�1 �h�i· · · · · ·

�1 �h�i j

= 0 .
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n

↵(1) ↵(2) · · ·↵(n�1)

n

↵(1) ↵(2) · · ·↵(n�1)

h bN ([↵])i h bN (↵)i
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Le↵ = L+
X

i

ciOi
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